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A linearly implicit finite element method for a
Klein–Gordon–Schr̈odinger-type system

Georgios E. Zouraris‡

Abstract

We consider a Klein–Gordon–Schrödinger-type system of equations in one space dimension, that
describes the nonlinear interaction between high frequency electron waves and low frequency ion plasma
waves in a homogeneous magnetic field. To approximate its solution, we propose a linearly implicit
finite element method, which is unconditionally well-defined and achieves optimal order convergence
in the L2 andH1 norms.

Index Terms
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I. I NTRODUCTION

A. Formulation of the problem

Let T > 0, Ω := (xA, xB) ⊂ R be a bounded interval andD := [0, T ]×Ω. Then, we consider
the following initial- and boundary- value problem for a dissipative Klein–Gordon–Schrödinger
(DKGS) system of partial differential equations: find functionsψ : D → C and φ : D → R
solving the following system of equations

ψt = i µ ψxx − αψ − i φ ψ on (0, T ]× Ω, (I.1)

φtt = φxx − φ− λφt + Lψ on (0, T ]× Ω, (I.2)

with
Lψ := −Re(ψx), (I.3)

and satisfying the conditions

ψ(t, x) = 0 and φ(t, x) = 0 ∀ (t, x) ∈ [0, T ]× ∂Ω, (I.4)

ψ(0, x) = ψ0(x) ∀x ∈ Ω, (I.5)

φ(0, x) = φ0(x) and φt(0, x) = φ1(x) ∀x ∈ Ω, (I.6)

where:µ, α and λ are known real positive numbers, andφ0, φ1 : Ω → R, ψ0 : Ω → C are
known smooth functions. The DKGS system models the nonlinear interaction between high
frequency electron waves and low frequency ion plasma waves in a homogeneous magnetic
field. Such systems arise in the UHH plasma heating technique. The coupling of the two fluids
is achieved through the (non-homogeneous) polarization drift and the induced current takes part
in the collisional process of energy exchange. As a consequence, the nonlinearity differs from
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the one encountered in the Zakharov system [6]. For a detailed derivation of the model, along
with the underlying assumptions, the reader is referred to [2] and [5]. Also, we refer to [2] for
results on the existence and uniqueness of a solution of the problem. In the present work, we
focus on the derivation of a finite element method to approximate the solution of the initial and
boundary value problem (I.1)-(I.6).

B. Function spaces and operators

For p > 1, we will denote byLp(Ω) the space of the Lebesgue measurable complex valued
functions which have thep−th power of its absolute value integrable onΩ, and by ||| · |||p the
standard norm ofLp(Ω), i.e., |||f |||p := {

∫
Ω
|f(x)|p dx}

1
p for f ∈ Lp(Ω). The inner product

in L2(Ω) that derives the norm‖ · ‖0 := ||| · |||2 will be denoted by(·, ·)0, i.e. (f1, f2)0 :=∫
Ω
f1(x) f2(x) dx for f1, f2 ∈ L2(Ω). Also, we will denote byL∞(Ω) the space of the Lebesgue

measurable complex valued functions which are bounded a.e. onΩ, and by| · |∞ the standard
norm of L∞(Ω), i.e., |f |∞ := esssupΩ |f | for f ∈ L∞(Ω). For s ∈ N0, we denote byHs(Ω)
the Sobolev space of complex valued functions having generalized derivatives up to orders in

L2(Ω), and by‖ · ‖s its usual norm, i.e.‖f‖s :=
{∑s

`=0 ‖∂`f‖2
0

} 1
2 for f ∈ Hs(Ω). In addition,

we set|v|1 := ‖v′‖0 for v ∈ H1(Ω). Also,H1
0 (Ω) will denote the subspace ofH1(Ω) consisting

of functions which vanish at the endpoints ofΩ in the sense of trace. Fors ∈ N0, we denote by
W s,∞(Ω) the Sobolev space of complex valued functions having generalized derivatives up to
orders in L∞(Ω), and by|·|s,∞ its usual norm, i.e.|f |s,∞ := max0≤`≤s |∂`f |∞ for f ∈ W s,∞(Ω).

For r ∈ N, let Sh ⊂ H1
0 (Ω) be a finite element space consisting of functions which are

piecewise polynomials of degree at mostr over a partition ofΩ in intervals with maximum
mesh-lengthh. It is well-known (cf., e.g., [1]) that there exists a constantCr

0 > 0 such that

inf
χ∈Sh

{
‖v−χ‖0 + h ‖v−χ‖1

}
≤ Cr

0 h
` ‖v‖` ∀ v ∈ H`(Ω)∩H1

0 (Ω), ` = 1, . . . , r+ 1. (I.7)

Now, we define the discrete Laplacian operator∆h : H1(Ω) → Sh by (∆hϕ, χ)0 = (ϕ′, χ′)0

for ϕ, χ ∈ Sh, and theL2−projection operatorPh : L2(D) → Sh by (Phf, χ)0 = (f, χ)0 for
χ ∈ Sh andf ∈ L2(D). Also, we introduce elliptic projection operatorsRΨ

h , RΦ
h : H1(Ω) → Sh

by ((RΨ
hv)

′, χ′)0 = (v′, χ′)0 for χ ∈ Sh and v ∈ H1(Ω), and ((RΦ
hv)

′, χ′)0 + λ (RΦ
hv, χ)0 =

(v′, χ′)0 + λ (v, χ)0 for χ ∈ Sh andv ∈ H1(Ω). ForRh = RΨ
h or RΦ

h, it is well known (see [3])
that

‖Rhv − χ‖0 + h ‖Rhv − χ‖1 ≤ CE h
` ‖v‖` ∀ v ∈ H`(Ω) ∩H1

0 (Ω), ` = 1, . . . , r + 1. (I.8)

Also, from [4], we have

|Rhv − v|∞ ≤ CE,∞ h` |v|`,∞ ∀ v ∈ W `,∞(Ω) ∩H1
0 (Ω), ` = 1, . . . , r + 1. (I.9)

II. T HE FINITE ELEMENT METHOD

A. Formulation of the method

Let N ∈ N and k := T
N

. Then, we definetm := mk, ψm := ψ(tm, ·) and φm := φ(tm, ·)
for m = 0, . . . , N . For m = 0, . . . , N , the proposed method constructs, an approximation
(Ψm

h ,Φ
m
h ) ∈ Sh × Sh of (ψm, φm) following the steps below:
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Step 1: Set
Ψ0
h := RΨ

hψ0 and Φ0
h := RΦ

hφ0. (II.1)

Step 2: Set
Φ1
h := RΦ

h

{
φ0 + k φ1 + k2

2

[
φ′′0 − φ0 − λφ1 − Re(ψ′0)

]}
. (II.2)

Step 3: Find Ψ1
h ∈ Sh such that

Ψ1
h−Ψ0

h

k
= i µ∆h

(
Ψ1

h+Ψ0
h

2

)
− α

Ψ1
h+Ψ0

h

2
− i Ph

[
Φ1

h+Φ0
h

2

Ψ1
h+Ψ0

h

2

]
. (II.3)

Step 4: For n = 1, . . . , N − 1, specify(Ψn+1
h ,Φn+1

h ) ∈ Sh × Sh via the requirements

Ψn+1
h −Ψn−1

h

2k
= i µ∆h

(
Ψn+1

h +Ψn−1
h

2

)
− α

Ψn+1
h +Ψn−1

h

2
− i Ph

[
Φn
h

Ψn+1
h +Ψn−1

h

2

]
(II.4)

and
Φn+1

h −2Φn
h+Φn−1

h

k2 = ∆h

(
Φn+1

h +Φn−1
h

2

)
− λ

Φn+1
h −Φn−1

h

2k
− Φn+1

h +Φn−1
h

2
− Ph

[
Re

(
(Ψn

h)
′ )]. (II.5)

We note that (II.4) and (II.5) are decoupled, and hence one can solve the corresponding linear
systems in parallel.

B. Well-Posedness of the finite element method

In order to compute of the finite element approximations inStep 3 andStep 4 above, we
have to solve numerically linear systems of algebraic equations, which are nonsingular according
to the following lemma.

Lemma 2.1:The finite element approximations{Ψn}N
n=1 and{Φn

h}N
n=2 are well-defined.

Proof. Let ξ > 0 and χ ∈ Sh be real valued. Then, we define linear discrete operatorsTΨ
h ,

T Φ
h : Sh → Sh by TΨ

h v := v − i ξ µ∆hv + α ξ v + i ξ Ph(χψ) andT Φ
h v := v − ξ2

2
∆hv + ξ(ξ+λ)

2
v

for v ∈ Sh. The existence and uniqueness of{Ψn}N
n=1 and{Φn

h}N
n=2 follows by showing that the

operatorsT Φ
h andTΨ

h have trivial null space. Letψ∗, φ∗ ∈ Sh such thatTΨ
h ψ

∗ = 0 andT Φ
h φ

∗ = 0.
Then, we have Re(TΨ

h ψ
∗, ψ∗)0 = 0 and (T Φ

h φ
∗, φ∗)0 = 0, which yield ‖ψ∗‖2

0 + α ξ ‖ψ∗‖2
0 = 0

and ‖φ∗‖2
0 + ξ2

2
|φ∗|21 + ξ(ξ+λ)

2
‖φ∗‖2

0 = 0. Thus, we obtainψ∗ = 0 andφ∗ = 0, which ends the
proof.

C. A priori bounds for the finite element approximations

For the finite element approximations{Ψm
h }N

m=0 and {Φm
h }N

m=0, we can prove the following
bounds (see [7])

max
0≤m≤N

‖Ψm
h ‖0 ≤ ‖Ψ0

h‖0 (II.6)

and
max

0≤m≤N
{ ‖Φm

h ‖1 + ‖Ψm
h ‖1 }+ max

0≤m≤N−1
‖∂kΦm

h ‖0 ≤ C1 Γkh, (II.7)

where
Γkh :=

∥∥∥Φ1
h−Φ0

h

k

∥∥∥
0
+ ‖Φ1

h‖1 + ‖Φ0
h‖1 + |Ψ0

h|1 + ‖Ψ0
h‖3

0
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Now, assuming enough regularity for the initial data we can boundΓkh as follows

Γkh ≤ C2

{
|ψ0|31 + ‖φ1‖1 + ‖φ0‖3 + ‖ψ0‖2

}
. (II.8)

Here,C1 andC2 are real positive constants that depend on the data of the problem but they
are independent of the initial conditions and the exact solution of the problem. We note that
the a prioriL2 bound (II.6) is used in the proof of (II.7). Also, we note that the a priori bound
(II.7)-(II.8) is important in the error analysis since allow us to handle the nonlinearity of the
problem.

III. C ONVERGENCE

A. Consistency

Let {ηmΨ }N−1

m=0 and{ηmΦ }N−1

m=1 be the consistency error functions defined by

ψ1−ψ0

k
= i µ (ψ

1+ψ0

2
)xx − α ψ1+ψ0

2
− i φ

1+φ0

2
ψ1+ψ0

2
− η0

Ψ,
ψn+1−ψn−1

2k
= i µ (ψ

n+1+ψn−1

2
)xx − α ψn+1+ψn−1

2
− i φn ψn+1+ψn−1

2
− ηnΨ,

φn+1−2φn+φn−1

k2 = (φ
n+1+φn−1

2
)xx − λ φn+1−φn−1

2k
− φn+1+φn−1

2
− Re

[
(ψn)x

]
− ηnΦ

(III.1)

for n = 1, . . . , N − 1. Assuming enough regularity for the exact solution of the problem and
using Taylor’s formula we can show that

max
0≤m≤N−1

‖ηmΨ ‖0 + max
1≤m≤N−1

‖ηmΦ ‖0 + max
2≤m≤N−2

∥∥∥ηm+1
Ψ −ηm−1

Ψ

2k

∥∥∥
0
≤ C3 k

2, (III.2)

whereC3 > 0 is a constant which is independent ofk but it depends on the data and the exact
solution of the problem.

B. Error estimates

Investigating the convergence of the numerical method described in Section II-A, we compare
the finite element approximationsΨm

h and Φm
h with the elliptic projectionsRΨ

hψ
m andRΦ

hφ
m,

respectively. Thus, we derive the followingH1 superconvergence estimates (see [7]):

‖Φ1
h −RΦ

hφ
1‖1 ≤ C4 k

3, (III.3)

max
0≤m≤N

‖Ψm
h −RΨ

hψ
m‖1 + max

0≤m≤N
‖Φm

h −RΦ

hφ
m‖1 ≤ C5 (k2 + hr+1), (III.4)

where, the constantsC4 andC5 depend on the data and the exact solution of the problem but they
are independent ofk andh. We note that the estimate (III.3) is used in the proof of (III.4) and it
follows using Taylor’s formula and (II.2). To obtain (III.4), first we formulate the corresponding
error equations using (III.1), (II.3), (II.4) and (II.5), and then we build up a stability argument
which is based on the often use of (II.7)-(II.8), (I.8), (I.9) and (III.2).

Finally, combining (III.4) and (I.8), we obtain an optimal order convergence in theL2 and
H1 norms:

max
0≤m≤N

{
‖Φm

h − φm‖0 + ‖Ψm
h − ψm‖0

}
≤ C6 (k2 + hr+1),

max
0≤m≤N

{
‖Φm

h − φm‖1 + ‖Ψm
h − ψm‖1

}
≤ C7 (k2 + hr),
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whereC6 andC7 are constants independent ofk andh.
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