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Abstract

This paper suggests an elementary introduction to recent developments of low-rank matrix approxi-
mation techniques using an appropriate small sample of all data, both in the bivariate case in the classical

matrix theory and in a much more involved case where the dimension is three and higher.

Index Terms

Multidimensional matrix, tensor decomposition, tensor rank, low-rank approximation, cross approx-

imation, maximal-volume priciple.

I. INTRODUCTION

Consider a multiplication problem for a fixed matrix A of order n and an arbitrary vector z.
Given x on input, we are interested in an algorithm producing y = Az on output. For instance,
if A = F), is the Fourier matrix of order n, then y = Az can be found in O(nlog, n) arithmetic
operations by the famous FFT, which delivers the exact y in case there are no round-offs. In
practice, however, we may be satisfied with a certain e-approximation to y. The complexity of
approximate algorithms should obviously depend both on n and on «.

The entries a;; of A are typically defined as the values of a function f(u,v) at the nodes

u = u;, v = vj, where uy, ..., u, and vy, ..., v, are grids in a k-dimensional space:

aij = f(us,v;), 1<4,j<n.
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Let all the nodes u;, v; belong to a domain D C R*, and assume that for any £ > 0 the function

f(u,v) admits separation of variables

flu0) =) by (w)ihs(v), T =r(e),

where

F0) = S duw(0)] < & wveD.
s=1
Then the matrix A is approximated by a matrix A, of the form

r ¢8(u1)
a4 =3 | ) ) (1)
= ¢S(un)

with the entry-wise accuracy

a;; — (Al < e, 1<i,5<n.
J J J

Evidently, Ax ~ A,z, and the multiplication of A, by a vector z requires only O(nr) operations.

As we see, the number of operations depend upon n linearly. It is important as well to
investigate the dependence of r upon . This question pertains to approximation theory and may
involve some delicate techniques of analysis. Neverthelesss, some estimates on r can be derived
by very simple means.

For example, set £ = 1 and let D = [a,b] be an interval on the real axis. Assume that a
function f(u,v) has infinitely many derivatives in v for any fixed . Then, if we choose and fix
any u, the fucntion f(u,v) can be expanded into the Taylor series at the point v = vy = (a+b)/2:

r—1 as
flu) =397

s=0

(v—1vg)°
s!

+ E,(u,v),

v=vg

where E,.(u,v) is the residue term. When neglecting the latter, we arrive at some approximation
in the additive form containing r terms with separated variables » and v. Consider f as a function
of v. If it belongs to the class of infinitely smooth functions for which a derivative of an order

s is bounded in modulus by some quantity M °, where M is a positive constant the same for all

M"™ [(b— "
B, (u,v)| < °) .
r! 2

u € D, then

May 23, 2007 DRAFT



HERCMA-2007 PROCEEDINGS 3

A trivial matter is to show that the right-hand side tends to zero as » — oco. Moreover, for some

constants p,q > 1 it does not exceed p/q" for all r. The inequality

p/q" < €

is fulfilled whenever

—1
logp + loge <

log q

In this case, we come up with an approximate matrix-vector algorithm of the complexity
O(nloge™).

The low matrix-vector complexity comes together with the low number of parameters to
represent the low-rank approximant of the form (1). It is defined by the values ¢4(u;) and

¥s(v;). Thus, the number of defining parameters is 2rn < n?.

II. MULTILEVEL MATRICES

The low-parametric approximations as above are pervasive in applications. A very helpful
idea is to construct them for certain blocks of a given matrix (especially in the case when it
is nonsingular). Implicitly, this very idea can be found in the first papers on approximate fast
matrix-vector algorithms in the context of potential theory ([4], [8]).

Let A be a m x n matrix, I = {1,2,...,m} and J = {1, ...,n}. Then

A A

A(l,J), IclI, JcJ,

denotes a submatrix (block) on the intersection of the rows with indices form I and columns

woth indicies from J. Any subdivisions on disjoint subsets
LU..Ul,, =1 J1U.UJ, =J

allow us to view A as a block matrix with the blocks A(Iy, J;), 1 <k <my, 1 <1 < ny. These
are the level-1 blocks.

Further subdivisions
I~1U...Ul~m2:l, j1Uan2:J, mo > my, MNg > Ny,

in which the subsets are disjoint and sibdivide the previous ones, consist of the level-2 blocks

A(fk, jl) Thus, any level-1 block is consodered as a block matrix composed of the level-2
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blocks. Let us proceed in the same way untill we get the level-p blocks. In this case we say that
A has p levels.

If A has p levels, then we make use of its multilevel splitting of the form
A:Al—l-...—'—Ap,

where Ay is a sparse block matrix consisting of the level-k blocks. The sparsity means that
some prescribed blocks are zero while the others may be nonzero, call them formally nonzero.
Assume that all the blocks of A; of a formally nonzero block A, where [ > k, must be zero.

Let r be the largest rank and 7 be the sum of sizes of all nonzero blocks in a multilevel
splitting of A. Then the number of defining parameters for this multilvel splitting is O(r7). If
A comes from discretization of a typical integral operator, then A can be c-approximated by a
multilevel matrix with = r(¢) and 7 < n?. The fact is easest to understand from the following
pretty general model.

Assume that a,; = f(x,,v;), where zy,...,2z, and vy, ...,y, are the nodesin R?. Consider
different grids x, and y, for n = 1,2... and assume that all the nodes belong to teh same cuboid
S = lay, 1] X ... X [ag,by]. Take k = 1,2, ... and consider uniform grids along the edges of S,
each is subdivided into 2¥! equal sub-intervals. There are (2**!)¢ Cartesian products of these
sub-intervals. Numerate them in some way for any k. Then, for any fixed k£ we obtain S as a

union of smaller cuboids S;, of volume hy:

2(k+1)d

ho
s= U S = gmme
1=1

where hg is the volume of S.

Assumption 1. If S;; contains (S;;) nodes x5 and v(S;;) nodes y;, then
maX{M(Sik)v V(Szk)} S Chkn \V/ Z.v ka n, (2)

where ¢ > 0 does not depend on ¢, k£ and n.

Assumption 2. For any £ > 0, the function f(x,y) admits approximate separation of variables

fla,y) =) Cu()Waly)| < ¥V z €Sy, ¥V yeSy 3)
a=1

whenever Sy, NSy = 0.
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For any k, assume that {1,....,n} is subdivided into subsets I;; and into subsets .J;; so that
s € I, implies x5 € Sj; and t € J;;, implies y, € S, According to (3), if S;; NS, = () then the

entries of the block A = A(Ijy,, Jj1) are e-approximated by the entries of a rank-r matrix A,
|(fl)st — (Ar)st| <e sely, teldy, rankA, < r = r(e). 4)

Theorem. Let A = [f(xs,y;)] be a matrix of order n. Under Assumptions 1 and 2, its entries
are e-approximated by the entries of some multilevel matrix in which any nozero block has upper
estimate on the rank r = r(¢) while the sum of sizes of all nozero blocks is O(nlog,n).

Proof. Let us construct a multilevel matrix B with the following properties:

1) B aproximates A with the entry-wise accuracy ¢;

2) B has p levels;

3) B admits a multilevel splitting B = B; + ... + B, in which B}, consists of the blocks

B(Lik, Jjk)-

Let 1 < k < p. Then, if S;; NS, # 0, then set B(I;, J;;) = 0, and the corresponding nonzero
entries of B are relegated to the level-/ blocks with [ > k. If k = 1 tehn all other blocks of B;
are formally nonzero.

Let 1 < k < p. Suppose that S;, C Sy 1. Then, if Syx_1 N Sj,—1 = and Sj; C Sy x—1, then
B(Ii, Jjx) = 0, because the corresponding noznero entries of B are already included in some
level-l blocks with [ < k. Therefore, for any fixed index subset [;;, the number of formally
nonzero blocks B(I;, Jjx) does not exceed 6<. The sum of sizes of each of them is not greater
than 2chyn. Since the number of index subsets [ is equal to hg/hy, we conclude that the sum of
sizes of all formally nonzero blocks in B}, is estimated from above by 2 - 6¢ hyn. Consequently,
the sum of sizes of all nonzero blocks is O(np).

It remains to choose the number of levels p so that the sizes of level-p blocks be equal to or
less than r:

enhy <.

This results in the claim that p = O(log, n). Hence, the rank of any nonzero block does not
exceed r while the sum of sizes of all nonzero blocks amounts to O(n log, 1), which completes
the proof.

In applications related to integral equations, we enjoy the estimate
r(e) < clog”e™!, %)
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where ¢,y > 0 are some constants depending on the context. If so, let us say that a function
f(z,y) is asymptotically separable. This notion generalizes the one of an asymptotically smooth

function. A typical example reads

1
f(xay):m7 6> 0. (6)

Thus, if a matrix is generated by an asymptotically separable fucntion with the constant ~y in (5),
then it can be e-approximated by a multilevel matrix with low-rank blocks via O(n log, nlog” e7!)

defining parameters. The approximate matrix-vector complexity is O(n log, nlog” e™1).

III. CROSS APPROXIMATION TECHNIQUES

The above results are germane to be regarded as existence results. Once we are aware that
a certain structured approximations exist, we may be better off in their construction if apply
purely matrix techniques. A fundamental result claims that a rank-r approximation to a matrix
can be obtained from a certain cross consisting of r rows and columnns of this matrix ([2],
[3]). Practical algorithms for low-rank approximation prove to be some variants of the Gaussian
elimination with a dynamic choice of pivot [1].

Theorem. Given a matrix A of order n, assume that it can be approximated by a rank-r

matrix B so that ||B — Al||s < ¢, and let A be written in the block form

All A12
A21 A22

A:

Y

where Ai1 is a nonsigular submatrix of order r with maximal volume (determinat in modulus)

among all submatrices of order r. Then

An| .
A— A [All A12} < (r+1l)e, 1<i4,j<n.

21 g
ij
Recently, a similar result has been proposed for tensor approximations [7]. Given a three-

dimensional array (tensor)
A= [a'ijk]7 1= ]_, Ny, ] = 1, ...y N, k= ]_, ..., N3,

we are interested to approximate it in the so-called Tucker format

ry Tre T3

Clz'jk:E E E Gi k' Ui Vg j» Wik + €45k (7)

i'=1j/=1k'=1

May 23, 2007 DRAFT



HERCMA-2007 PROCEEDINGS 7

with the error e;;;, to be sufficiently small for prescribed 71,72, 3.

If r=r; =7y =r3and n = n; = ny = ng, then the number of defining parameters for the
Tucker format is 72 + 3nr < n3. The tensor dimension can be large (for example, n = 10%+10°
for some tensors coming from three-dimensional integral equations). The array itself can not be
even stored in the operative memory as O(n?) memory cells are needed. However, if 7 < n
then O(rn + r3) defining parameters are by all means affordable. Useful estimates on 7 are
developed in [5], [10], [11]. We can mention also some practical algorithms using interpolation
and other function approximation techniques or additional structural properties rather than the
given arrays of data ([5], [6]).

The Tucker approximation (7) is defined by the Tucker core

G = [giryw]

and three matrices

U=luw], V=I[vl, W=][wwl]

Under the knowledge that the approximation (7) exists, we may try to find it or some other

Tucker approximation
r1 9 r3

/ / !/ !/ /
Aij = E E E gi/j/k/uiilvjj/wkk/ + eijk: (8)

i'=1j/=1k'=1
with the same level of accuracy but arising only from a small three-dimensional cross consisting
of rows, columns, and fibers (let use this name) of the given array. The next theorem assures
that this is possible [7].

Theorem. Given an array A, assume that it can be approximated in the Tucker format (7).
Then there exists a Tucker approximation (8) that is determined only from some ri columns, ro

rows and r3 fibers of A, and provides the accuracy

€5l < (rirors + 2riry + 21 + 1)e.

IV. THE USE OF TENSOR APPROXIMATIONS

Suppose we need to solve the equation

/ L owdy=fz), xyeD=[0:17 ©)

|z —yl
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Then we can subdivide the cube D into subcubes
[ai—1, a;] X [aj_1,a;] X [ag_1, akl, O=ay<a1 <..<a,=1,

approximate ¢(y) by a constant u,;; on every subscube, and by collocation arrive at a system
of linear algebraic equations

Au = f,

where the vectors are associtaed with discrete functions w;;i, fi;r on the grid with n3 nodes. The
coefficient matrix A contains n° nonzero entries of whoich none can be neglected. It possesses
no special structure if the grids are nonuniform. If n = 64 then A would require 512Gb to be
stored. If n = 256, then it amounts to 2Pb (1Pb = 2°° byte). A big problem is already here with
the storage for A.

To overcome the difficulty, the only idea is to find a sufficiently close problem with a prominent
low-parametric structure defined by reasonably few parameters, and then construct some gain-

of-the-structure methods. For the equation (9) we can use the following tensor format:

A=A =U,0VieoW i +..+U, 0V, @W,.

What it may give for practice can be seen from the following table [9]:

grid size (n) 16 32 64 128 256 512
full storage for A | 128Mb  8Gb  512Gb 32Tb  2Pb 128Pb
tensor format storage | 74Kb 320Kb 1.1Mb 6Mb 25Mb 114Mb

approximation time | 0.6sec 1.5sec 8.4 sec bH4sec 5.5min 30min

TABLE 1: Tensor approximation of A with accuracy € = 107°.

Thus, instead of 2Pb it is sufficient to have just 25Mb. This is available on most home
computers nowadays! The tensor approximation was constructed from cleverly selected rows,
columns and fibers of the 3D array representing the coefficient matrix [7].
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