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ABSTRACT

The Shewhart and the Bonferroni-adjustment S control charts are usually
applied to monitor the standard deviation of a quality characteristic. The control
limits of these charts are constructed using approximately the normal
distribution in case that the standard deviation parameter is known or unknown.
In this paper, we establish a new S chart that is based approximately on the
normal distribution. The control limits of the new chart are depended on both
the sample group size, k, and sample subgroup size, n. Additionally, the
unknown standard deviation for the proposed approach is estimated by a
uniformly minimum variance unbiased estimator. This estimator has variance
less than the estimators used for the Shewhart and Bonferroni approach.
Meanwhile, for our proposed approach with unknown standard deviation, the
out-of-control average run length is slightly less than the Shewhart approach
and considerably less than Bonferroni-adjustment approach as demonstrated
through Monte Carlo simulation experiments.
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1. Introduction

The Shewhart standard deviation control chart was introduced by Shewhart [14]. Ott [9], Ryan
[13], Smith [15], Quesenberry [12], Montgomery [8] extended the Shewhart standard deviation
control chart. The Shewhart procedure usually is based on at least 20 to 25 sample group sizes (k)
and at least 4 to 6 sample subgroup sizes (n). The Shewhart chart with known and unknown
standard deviation parameter is based approximately on a random variable that is assumed to

follow the normal distribution. The values of the subgroup standard deviations

(s, = Z,l (X, -X,)*) are plotted on the Shewhart chart that includes the center line £(s;) and the

following control limits
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B(S))+ 2, p\Var(S,) (1)
where, the quality characteristic x, for ;=12..4 and j=1,2..,n (/" observation in ;*
subgroup) is supposed to be identically independent normal distribution with mean » and variance
o?,and X, = > X, /nu. Further, £(s;) and |Var(s;) are the mean and standard deviation of
S, , respectively.

Ryan [13] introduced the Bonferroni-adjustment control limits as an alternative of the Shewhart

approach. The control limits are given by:

E(S)% Z,pyVar(S,) (2)
Here, the value « of the Shewhart control limits is replaced by the value o/ % to construct the
Bonferroni-adjustment control limits.
In this paper we introduce a new S control chart. In case that the standard deviation (o) is known,
the new chart is constructed similarly to the Shewhart and Bonferroni control chart. When the
standard deviation is unknown the proposed chart is estimated using a statistic with variance less
than that of the Shewhart and Bonferroni-adjustment chart. Furthermore, the constant value for the
new chart with unknown standard deviation is depended on the sample subgroup and group sizes
(n, k) whereas the constant value of the Shewhart and Bonferroni chart is depended only on the
sample subgroup size (n). The in-control average run length ( 4zZ,) with fixed significance value
a for Bonferroni approach is less than the ARz, for the Shewhart and proposed approach. On the
other hand, the out-of-control average run length (4zz,) for the new approach with unknown
parameter o is less than both Shewhart and Bonferroni approach.
In this paper, the Shewhart, the Bonferroni, and the proposed chart are introduced in sections 2 and

3. In sections 4 and 5 the in-control and out-of-control average run length are presented.

2. The Shewhart and Bonferroni S Chart

variable |(z-1)S, /o is identically independent chi distributed with n-1 degrees of freedom. The

mean and standard deviation of this random variable are o¢, and o1-c¢; , respectively. Here,



Al
n-1 |2 2
The Shewhart control chart with known and unknown parameter o are based on the random

variables (S, - £(S,)) /,/Var(S,) and (SI.—E(tS’,.)j /\/VarA(S,-), respectively. These variables with

large sample size such as 4#>20 and =>4 are approximately standard normal distributed.

The Shewhart control limits for known parameter o with confidence 1-« are given below:

o(e, £ Z,1-c}) 3)
The center line of the Shewhart control chart is o¢,, and the constant value ¢, depends only on the
sample subgroup size (n).
If the standard deviation of the quality characteristic is unknown then it is estimated by the

unbiased statistic 5 /¢, . For the Shewhart chart with unknown standard deviation

E(TS’I):E ; \[VarA(Si):gﬁl—cf /c, 4)

As a result, the center line and the control limits for the Shewhart chart with unknown parameter

(o) would be
UCL=(S/¢,)(e,+zypJ1—¢2), CL=5, LCL=(5/¢,)(c, ~7,,1-c?) (5)

The Bonferroni-adjustment control chart to improve the probability of one or more false alarm of
the Shewhart chart is suggested by Ryan [13]. The Bonferroni-adjustment control limits with

known standard deviation parameter are given by

G(C4iZa/2k'\)1_C§) (6)

Furthermore, the Bonferroni control limits with unknown parameter are

UCL =(51¢,)(e, + Zamn[L—¢2) @nd LCL = (5 /¢,)(c, - Zopi1-¢]) @)
The center lines for Bonferroni chart with known and unknown standard deviation are ¢, and S,
respectively.

3. The New S Chart

To construct the new standard deviation chart, the estimators of the standard deviation are given by
Glasser [3], Khan [6], Markowitz [7], Gurland [4], Prescott [10], Prescott [11], Healy [5], Arnholt



and Hebert [1], Donatos [2], and Watson [17], Vardeman [16]. However, the suggested authors did
not introduce an UMVU estimator of the standard deviation of the normal distribution ~N(u,c°)
with k subgroups of size n.

The random variable k(z-1)8*/0° is chi-square distributed. Therefore, random variable
H =Jk(n-1)S /o would follow the chi distribution with k(n—1) degrees of freedom. The statistic
S is an injective function of the complete sufficient statistic $* and the statistic S/y is an
unbiased estimator of o . Therefore, according to Lehman-Scheffe theorem the statistic .S/ is an

UMVU estimator of &, where,

5=\/ii(X,,—)?,,)2/(k(n—1)), l//=[ 2 1)F[k(n_zl)ﬂjlr(k(ng_l)n'

Py k(n-

The constant value  depends on both the sample subgroup size (n) and the sample group size (k).
The control limits on the average of quality characteristic depend on the variability of production
process. The quality characteristic x, for i=12..%k and ;=12..n follows identically
independent normal distribution with mean x and variance o*. The new standard deviation
control chart with known standard deviation as the Shewhart S control chart is given by

UCL=0(c, +z,\1-c}) ; CL=0c, ; LCL=0(c,~ 7y 1-c))
To establish the proposed control chart with unknown standard deviation, we estimate £(S,) = oc,
and fVar(S,) =am by the UMVU estimators Sc, /y and SM /y , respectively. Therefore,
the control limits for the proposed chart with unknown standard deviation would be

UCL =(S1y)(e,+ zgpiL—¢2) 5 CL=Se,ly 5 LCL=(S1y)(c, - zp1-C))

In sections 4 and 5, the in-control and out-of-control average run length for the control charts are

considered.

4. In-Control Average Run Length
The in-control average run length (called Arz,) is the average number of subgroup standard

deviations that should be plotted before a subgroup standard deviation indicates an out-of-control

condition. The ARL, can be calculated from ARL, =1/ p.



In this section, the average run length is considered for initial group and groups 2, 3, ... with
known and unknown parameter when the process is in control. To illustrate, let the individual

events ¢, denote that the subgroup standard deviations .5, exceeds the control limits of the in

control process (o = o).

For the initial group with unknown parameter (o), the events @,

i

and G, for /= ;=12..k are
not independent. In case that the events &, were independent, then the sequence of trials,
comparing S, with Cz would be a sequence of Bernoulli trials and the run length between
occurrences of &, would be a Geometric random variable with probability « = P(G,). In addition,
the in-control average run length would be 1/P(@G) or 1/a  where,

P(G,)=P(S;<LCL or S, 2UCL|c=0,).

However, the statistics .5, -0CL and s, —ucr for initial group with unknown parameter are not
independent events. Therefore, the in-control Arz for initial group with unknown parameter can
not be calculated.

For the initial group with known parameter and groups 2,3, ..., the correlation between random

variables $, -UCL and S, -UCL can be obtained to be 0. Thus, the events ¢, and &, for initial
group with known parameter are uncorrelated. Consequently, the sequence of events {G.}, for the

initial group with known parameter and the groups 2,3,... with known and unknown parameter,

would be Bernoulli trials and the run length between occurrences of &, would be a Geometric
random variable with probability, 2(G,). The probability P(,) for both the Shewhart and the
new approach is « , and for the Bonferroni-adjustment approach is «/ 4. As a result, the in-control
average run length (4rz,) for the Shewhart and the proposed chart (1/«) is less than the ARz,

for Bonferroni-adjustment chart (4 /«, for & >2).

5. Out-of-Control Average Run Length

The ability of the standard deviation control charts to detect shifts in process quality is described

by the out-of-control average run length (ARZ, ). The probability of a false alarm and the

probability of one or more false alarm of the process in control were improved by using the



Bonferroni-adjustment approach. In this section, the power of control limits for the usual approach
(Shewhart and Bonferroni) and the new approach are compared by using ARL, .
If the in-control value of the standard deviation shifts from o, to o, =4c,>0,, (1>1) the
probability of not detecting standard deviation shift (5) is calculated by

p=PlLcr<s, <vCL|o = i0,)
This probability for both the Shewhart and proposed approach with known parameter (o) is

obtained

o p Gz ta(=A)  Zupli=ci+ei(0-A) The probability 4 for the Bonferroni-adjustment
l-c: Afl—c?

approach with known parameter (o ) is obtained

2 2 . -
popLell=it (28 ) Zepd176 0240 ygally the parameter o is unknown. Under this

MWil-c} ' Wl-c;

condition, we obtain the probability p for the control limits with unknown parameter. The

standard deviation for the Shewhart, Bonferroni, and new approach the same is estimated by the

UMVU estimator S/ (called .9,). Thus, the probability g for the Shewhart, the Bonferroni and

the new approach with unknown parameter are given below,

(§/C4)(C4 _Za/2 Vl_Cf)_ﬂ“St% <7 < (§/C4)(C4 + Z(1/2 \ll_ci)_/lst%J

AS,\J1-c? ' AS,\[1—C?

(§/C4)(C4 - Za/Zk Vl—Cf)—ﬂ,StC4 <7 < (§/C4)(C4 + Za/Zk \ll_ci )—ﬂ,StC4
AS,\[1-C2 ' AS,\[1-C2

(SIY)C =2, 1-CD)=28, _, _(SI¥)(Ci+ Zfi-c))-2Scc,
AS1-c: ' AS1-¢

The probability g with known standard deviation for various sample sizes n and coefficient 1 is

exhibited by the operating-characteristic (OC) curves.



Figure 1 Operating characteristic curves for Figure 2 Operating characteristic curves for

the Shewhart and new chart (k=20 , a=0.01). the Bonferroni chart (k=20 , a=0.01).
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Figures 1 and 2 indicate that the Shewhart and the new approach are considerably effective in
detecting small and large shifts on the first sample following the shift.

The probability g with unknown standard deviation for various sample sizes n and k, and
coefficient 2 is exhibited by Table 1 and Table 2. These tables are constructed by using Monte

Carlo simulation experiments.

Table 1 Estimated probability of not detecting standard deviation shift (5)

fOI’ a=0.1
n=2 n=10 n=25
k  Approach/ A 15 2 2.5 3 15 2 25 3 15 2 2.5 3
Shewhart 0.757 0.618 0.529 0.431 0.431 0.116 0.025 0.008 0.226 0.011 0.000 0.000
10 Bonferroni 0.881 0.772 0.648 0.560 0.686 0.246 0.078 0.016 0.467 0.049 0.001 0.000
New 0.745 0.598 0.523 0.425 0.419 0.116 0.023 0.009 0.222 0.010 0.000 0.000
Shewhart 0.772 0.616 0.529 0.442 0.446 0.122 0.025 0.007 0.226 0.012 0.001 0.000
20 Bonferroni 0.909 0.780 0.591 0.594 0.743 0.314 0.096 0.035 0.467 0.065 0.004 0.000
New 0.768 0.602 0.527 0.437 0.445 0.120 0.023 0.007 0.222 0.011 0.001 0.000
Shewhart 0.767 0.634 0.538 0.442 0.442 0.132 0.035 0.007 0.226 0.011 0.001 0.000
40 Bonferroni 0.910 0.809 0.709 0.615 0.777 0.342 0.124 0.045 0.467 0.085 0.007 0.000
New 0.761 0.630 0.521 0.441 0.441 0.132 0.034 0.006 0.222 0.012 0.001 0.000
Shewhart 0.772 0.634 0.530 0.453 0.448 0.131 0.034 0.012 0.225 0.012 0.000 0.000
120 Bonferroni 0.939 0.839 0.750 0.652 0.834 0.423 0.165 0.058 0.462 0.129 0.010 0.001
New 0.769 0.632 0.530 0.453 0.447 0.129 0.032 0.011 0.221 0.013 0.000 0.000

The results in Tables 1 and 2 show that with unknown standard deviation the new chart
performs Dbetter than both the Shewhart and the Bonferroni-adjustment approach.

Consequently, the out-of-control average run length would be Az, =1/(1- ) Using the OC
curves 1 and 2, the Arz, for the Shewhart and new approach is demonstrated less than the

Bonferroni-adjustment approach. In addition, for unknown parameter o, we demonstrate

trough Monte Carlo simulation experiments that the Arz, for the new chart is slightly less

than the Shewhart chart and considerably less than the Bonferroni-adjustment chart.



Table 2 Estimated probability of not detecting standard deviation shift (5)

for o -o0.01
n=2 n=10 n=25
k_ Approach/ A 5 2 25 3 |15 2 25 3 |15 2 25 3
Shewhart 0.904 0.760 0.656 0.550 0.634 0.214 0.038 0.020 0.264 0.010 0.000 0.000
10 Bonferroni 0.956 0.840 0.748 0.636 0.816 0.328 0.084 0.042 0.478 0.024 0.002 0.000
New 0.896 0.752 0.652 0.548 0.628 0.214 0.037 0.020 0.258 0.011 0.000 0.000
Shewhart 0.889 0.763 0.657 0.551 0.635 0.215 0.039 0.021 0.262 0.015 0.000 0.000
20 Bonferroni 0.959 0.841 0.745 0.638 0.818 0.329 0.084 0.042 0.477 0.029 0.002 0.000
New 0.889 0.755 0.655 0.549 0.629 0.214 0.039 0.021 0.254 0.016 0.000 0.000
Shewhart 0.889 0.766 0.658 0.553 0.637 0.212 0.043 0.022 0.266 0.015 0.000 0.000
40 Bonferroni 0.955 0.841 0.750 0.632 0.819 0.327 0.088 0.043 0.481 0.028 0.002 0.000
New 0.887 0.756 0.656 0.549 0.634 0.214 0.042 0.023 0.265 0.013 0.000 0.000
Shewhart 0.895 0.761 0.654 0.552 0.639 0.214 0.045 0.022 0.267 0.012 0.000 0.000
120 Bonferroni 0.957 0.843 0.747 0.639 0.821 0.327 0.089 0.044 0.479 0.025 0.004 0.000
New 0.892 0.759 0.654 0.551 0.639 0.214 0.043 0.023 0.267 0.012 0.000 0.000

6. Conclusions

It has been shown that, for unknown standard deviation parameter, the new standard deviation
control chart has three advantages over the Shewhart and the Bonferroni-adjustment standard
deviation control chart: first the constant values to construct the standard deviation control
chart for the new approach are based on both sample subgroup size and sample group size;

second for fixed value « the ARz, for the new approach is less than the ARz, for the Shewhart

and Bonferroni-adjustment approach; third the new approach is based on the statistic with

variance less than one of the Shewhart and Bonferroni-adjustment approach.
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