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Abstract-- Grid computing is an innovative technology for using geographically distributed resources in order to solve 

large-scale problems providing heterogeneous resources. In this paper, a Grid computing environment with star topology 
is studied and in order to provide higher levels of Grid availability, a preventive software maintenance technique, called 
software rejuvenation, is proposed to be performed on certain Grid components. The aim of our work is to determine 
optimal rejuvenation policies that can provide higher levels of Grid asymptotic availability. Moreover, some indicators 
providing the level of contribution of each Grid component to system’s availability are defined and computed. 
Continuous Time Markov Chains (CTMC) are used in order to model the behavior of the studied Grid computing 
environment and explicit generalized approximate inverse preconditioning methods are used for solving efficiently sparse 
linear systems, in order to derive the asymptotic availability 
 

Index Terms—Grid Computing, Software Rejuvenation, Markov Chains, Approximate Inverse Matrix Algorithms, 
Precondioting 

I. INTRODUCTION 
RID computing is an innovative technology for complex systems with large scale resource 
sharing, wide area communication and multi institutional collaboration 
[21],[20],[5],[9],[10],[2]. In other words, Grid can be defined as a very large-scale 

generalised distributed network with geographically distributed machines [8]. Although the idea 
of what is a Grid computing environment remains the same, many different definitions can be 
met in the literature, leading even to surveys which state these definitions [24]. A satisfactory 
and quite simple definition of a grid computing environment is that it can be considered as a 
newly developed technology for using geographically distributed resources in order to solve 
large-scale problems. Due to their size and complexity, even supercomputers cannot sometimes 
solve them effectively. Thus Grid computing can be considered as a proper environment for 
solving these problems. The main advantage of the Grid is that it enables sharing, selection and 
aggregation of a wide variety of resources, including supercomputers, data resources, storage 
systems that are geographically distributed [1]. The sharing method studied in this paper consists 
of direct access to resources including programs databases, computers or other resources [4].  

In order for the Grid to efficiently provide service, it needs to use a set of resources to 
complete certain tasks. Hence, there is a need of a system that can manage Grid service by 
matchmaking the service requests with service offers and control the assessing and the use of 
resources and furthermore define who has the right permissions to share, what to share and under 
which conditions sharing occurs [21], [4]. This role in the Grid is assigned to the Resource 
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Management System (RMS) [19], which can be defined as the brain of the Grid. 
Despite the motivations of using Grid computing such as exploiting underutilized resource, 

parallel CPU capacity and other benefits, Grid does not guaranty stableness of resources due to 
their nature, diverse failures and error conditions that may appear on a Grid environment [26]. A 
lot of research effort has been paid on the direction of network reliability [22], [3] and especially 
in Grid dependability such as in [26], where a reliability analysis for Grid computing is defined 
as the probability of successful run of a given task. Dai and Levitin in [4] solve the problem of 
optimally allocating services on the Grid to maximize the Grid service reliability and in [21] they 
use a fast numerical algorithm in order to evaluate the service reliability and performance indices 
in a Grid with star topology. 

In this paper, a Grid system with star topology is studied, which consists of an RMS, various 
distributed resources contained in the Root Nodes (RN) and additionally communication links 
between RMS and the RNs. As a dependability measure, the Grid availability is examined. In 
order to study the Grid asymptotic availability not only the availability of the system nodes, 
including RMS, has to be studied but furthermore the links’ availability has to be determined.  

In order to provide higher levels of Grid availability, software rejuvenation is proposed to be 
performed on the RMS and furthermore on the RNs. Software rejuvenation, which firstly 
introduced by Huang [17], is a software preventive maintenance technique that can counteract 
phenomena of resource exhaustion on a computer system. Hence, rejuvenation can counteract 
resource degradation due to resource sharing of the Grid nodes, or even exhaustion that can 
sometimes lead to software failures. When software rejuvenation is performed, it stops 
occasionally the running software, cleans its internal state and restarts it. Garbage collection, 
flushing operating system kernel tables, reinitializing internal data structures etc, might be 
involved in cleaning the internal state of the system [17].  

Software rejuvenation has been studied in high available and mission critical systems. 
Modelling and performing software rejuvenation is based on two approaches, the measurement 
based and the model based approach. A model based approach is considered in [17] to describe 
software degradation and rejuvenation actions that are adopted to counteract it. A Continuous 
Time Markov Chain is used and the steady-state availability and downtime cost are derived. The 
idea of periodic rejuvenation into Huang’s model using Markov Regenerative Stochastic Petri 
Net is introduced in [11]. Extending Huang’s model by using semi-Markov models is considered 
in [6] and in [7] a semi-Markov decision process is used to determine the optimal software 
rejuvenation schedule. In [27] time-based rejuvenations policies are developed to improve the 
performability measures of a cluster system and furthermore in [18] software rejuvenation is 
modeled on a two node cluster system for higher availability levels.  

Our aim is to determine optimal rejuvenation policies for the RMS and the RNs that can 
provide higher levels of the Grid asymptotic availability. Continuous Time Markov Chains are 
used to model the behavior of the studied Grid system along with rejuvenation and furthermore 
the condition of the links among the Grid nodes is modelled. Moreover, some indicators 
providing the level of the contribution of each node are defined and computed. These indicators 
take into account the software condition of the node and the corresponding link’s condition. 

For studying the asymptotic availability the steady-state probabilities of each state have to be 
computed by solving a sparse linear system. The cost-effectiveness of iterative methods over 
direct solution methods for such systems is now commonly accepted. Recently, generalized 
explicit approximate inverse preconditioning has been derived and used for the efficient solution 
of such sparse linear systems. Hence, in this paper, explicit generalized approximate inverse 
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preconditioning methods are used for solving efficiently such systems in order to derive the 
asymptotic availability having computed the steady-state probabilities of the model system. 

II. MODEL DESCRIPTION 

A. Grid System with Star Topology 
The system under consideration consist in the RMS, which is considered as a central node of 

the Grid computing environment and the distributed RNs that offers their available resources in 
order to execute the jobs that the RMS sends to the RNs after a user’s request. The RMS is 
connected with the RNs through communication links as it is shown in Figure 1, where the Grid 
is composed by the RMS and M distributed RNs. When a user needs to complete a certain task, a 
service request is sent to the RMS who is responsible for not only allocating any available 
resources, but furthermore to assign the task to resources that can fulfill the quality of service 
(QoS) requirements that the task specifies [19]. RMS has the ability to divide the received task 
into subtasks that can be executed in parallel, and assign them to different resources. When a 
resource or set of different resources complete the assigned jobs, they return the results to the 
RMS which reassembles them and send the completed job to the requesting user. This process 
can be approximated with a star topology, where its center is the RMS who is directly connected 
through communication links with the resources. The RMS is connected with computer systems 
or servers or even processors, called Root Nodes (RN), that contain the resources [4]. 

B. Software Rejuvenation and Model Analysis 
When a software application runs continuously on a node of the Grid environment or even on 

the RMS, error conditions are accumulated and the system is failure prone due to resource 
exhaustion [17]. Resource exhaustion, if not counteracted may lead to a software failure, which 
is not desirable due to the cost that occurs when an application fails. Instead of taking actions 
that are reactive i.e. they take place after the crash failure, it is proposed to perform the software 
preventive maintenance technique called software rejuvenation. Rejuvenation costs, but the cost 
of rejuvenating an application is importantly less than the corresponding cost due a software 
failure because rejuvenation is a scheduled action in contrast with a failure [17]. Moreover, it is 
proposed to perform software rejuvenation at the RNs of the Grid too, in order to counteract 
phenomena of resource exhaustion on them, and consequently increase the ability of RNs to 
contribute to the Grid. 

In order to make a complete study as far the availability of a Grid computing environment is 
concerned, the state of the communication links has to be also taken into account. A 
communication link plays an important role on the job requests and result transferring among the 
RMS and the RNs and hence it has to be at an operational state.  

As far as the state of an application running on a node of the Grid is concerned, based on 
Huang’s model [17], when the node starts executing, it can remain in a robust state 0 for a period 
of time. The robust state is a state where there are enough resources to be consumed and there is 
not any resource exhaustion. After this time interval, due to resource degradation, the system 
enters a failure probable state P, in which either rejuvenation action can take place in order to 
prevent a failure, and the system enters state R, or the resource exhaustion has reached a critical 
level and a failure cannot be avoided leading the system to state F. The system returns at the 
robust state after being repaired form a failure or after being rejuvenated [17]. 
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Fig. 1. Grid computing environment with the RMS and M distributed RNs 

For the communication links among the Grid nodes, there are only two possible states. Either 
each link is operational and information can be transferred, or the link has failed and the 
communication between the connected nodes is not feasible. The number of the existing 
communication links on a Grid is equal to the number of the distributed RNs, under the 
assumption that the RMS is connected with each RN as shown in Figure 1. 

In Figure 2, a state diagram of a node of the Grid computing environment under consideration 
is presented. Each state of the transition diagram comprises M+1 indicators. In detail, each state 
is signed with a label S j,ℓ1,ℓ2,ℓ3, ..., ℓM where j, j ∈  {0, P, R, F}, denotes the state of the running 
application on the node and ℓ1,ℓ2,ℓ3, ..., ℓM denote the state of the M communication links (M 
distributed RNs participate in the Grid). Moreover, each one of the M communication links may 
be operational, ℓk = 1, or failed, ℓk = 0, where k ∈  {1.2.3, ..., M}. It is assumed that one failure at 
a time can occur. For instance, one communication link can fail at a time. Furthermore, a 
communication link failure and a change on the systems state are assumed not to occur 
simultaneously. Furthermore, due to the above assumptions, the transitions caused by a change 
on the state of the running application, occurs between states in which all of the communication 
links are operational. Finally let us assume that the state structure of all the participating nodes, 
including RMS is identical to the one of Figure 2, i.e. each node represented by a circle in Figure 
1, follows the structure of Figure 2. 

The transitions between the diagram’s states occur as follows: The running application 
experiences resource with rate αi. Furthermore either rejuvenation is triggered with rate ri or a 
failure occurs with rate λi. The system recovers from the rejuvenation with rate βi and is repaired 
after a crash failure with rate µi. In the above notations i ∈  {RMS, RN1, RN2, RN3,..., RNM}. 
The communication link failures occur with rates λ1, λ2, λ3, …, λM and their repairs occur with 
rates µ1, µ2, µ3, …, µM correspondingly. 

III. AVAILABILITY COMPUTATIONS 

A. Steady State Analysis 
The probability that the system is operational at time t and one or more failures have occur 

during the interval (0,t) expresses the instantaneous availability of a system denoted by A(t). In  
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Fig. 2. State transition diagram of one node of the Grid 

this paper, the study is focused on the long term behavior of the Grid and hence on the behavior 
of the asymptotic availability given by equation (1): 
 A(t)limA

∞→
=∞ t

                    (1) 

or in terms of steady state probabilities πi of state I by:  
 upiA πi∈=∞ ∑                     (2) 

B. RMS and RNs Contribution to Availability  
In this subsection the availability of the RMS and RNs is examined. The asymptotic 

availability of the RNs can be computed similarly with the RMS availability, with respect to the 
corresponding parameters of each RN such as the degradation, failure, repair, rejuvenation and 
recovery rates. 

For studying the asymptotic availability of the RMS, a stochastic process {X(t), t ≥ 0} is 
defined, which represents the evolution of an application executed by the RMS in time. Under 
the assumption that the time elapsed until a transition take place is exponentially distributed, X(t) 
is a Homogeneous Continuous Time Markov Chain (HCTMC). Let QRMS denote the generator 
matrix of the system, where QRMS = [qij], with qij denoting the transition rate from state i to state j 
and N the number of states [23], [25]. 

The RMS is able of contributing to the Grid availability when an application running on it is at 
an operational state and the RMS can exchange data or information with at least one of the RNs. 
In contrast, RMS is not able to contribute to the Grid availability when an application executed 
on it, is at a down state or all the links with the RNs have failed.  

Let us define the state space of the RMS as {0,1}}M,...,1F},R,P,{0,j ,,..., j,{S= E
M1RMS

∈∈ λλλλ . 

Furthermore, the state space ERMS is partitioned into two subsets URMS and DRMS such 
that

RMSRMSRMS
EDU =∪ , ∅≠

RMS
U , 

RMSRMS
EU ≠  and ∅=∩

RMSRMS
DU . Subset URMS is the 

subset of the RMS’s up states and is defined as }}1,0{,...,P},{0,j ,S M1,..., j,RMS M1
{= U ∈∈ λλλλ  and 

DRMS is the subset of the RMS’s down states and }}1,0{,...,F},{R,j ,S M1,..., j,RMS M1
{= D ∈∈ λλλλ . 



 6

For an arbitrary RN, let us also define a stochastic process {Yk(t), t ≥ 0, k∈{ RN1, RN2, 
RN3,... , RNM }}, which represents the evolution of an application been executed at the RN in 
time. Yk(t) is also an HCTMC and QRN denote the generator matrix defined similarly with QRMS. 

RN’s contribution to the Grid availability is the probability that an application running on it 
has not failed or been rejuvenated and simultaneously the communication link between this 
certain RN and the RMS has not failed. The state space of an RN and its partition is defined as in 
RMS case.  

C. Indicators of Node’s Contribution to Grid Availability 
For the computation of the asymptotic RMS availability, the steady state distribution has to be 

determined by solving the linear system of equations:     
                                                    ∑=⋅ Ν

=1 iRMS,RMSRMS , ι π0Qπ                 (3) 
where π denotes the steady state probability vector of the RMS andN denotes the total number of 
the model states depending on the number of the RNs. More specifically, since each of the 
communication links has two possible states, each application running on the RMS or on a RN, 
has four possible states and the total number of nodes participating into the Grid is the number of 
RNs plus the RMS, the total number of states for each node is given by equation (4): 

 M24N ⋅=                     (4) 
Hence, we can now define an indicator expressing the Grid Contribution Incapacity (GCI) due 

to the RMS unavailability or to the simultaneous failures of the links. GCI is defined as the 
probability that an application running on the RMS have failed or being rejuvenated, or 
simultaneously all the communication links have failed. 
         DOWN) are linksion communicat  theall}

F
S,

R
{SRMS on the icationsspPr(applCGI

RMS
∪∈∑=    (5) 

Having computed the steady state distribution of the RMS states, equation (5) can be 
expressed in a mathematical form as: 

              ∑ +++=

∈

∈

}1,0{,...,
2

,
1

},...
2

,
1

{
F,RMS,R,RMS,0...P,0000RMS,0...RMS,0,0000RMS

)π(πππCGI

M

M
i

ii

λλλ

λλλ

      (6) 

The corresponding indicator for the Grid Contribution Incapacity (GCI) due to an arbitrary RN 
unavailability or to the simultaneous failures of the corresponding link is defined as: 
          DOWN) islink ion communicat sRN'}S,{SRN on the icationsspPr(applCGI

FRRN
∪∈∑=      (7) 

From the solution of equation (2) and referring to the kth RN, equation (7) is expressed 
mathematically as: 

∑ +++=

∈

∈

}1,0{
M

,...,
2

,
1

}
M

,...,
2

,
1

{
F,RN,R,RN,1...011...P,111RN,1...011...RN,0,111RN

)π(πππCGI
k

λλλ

λλλi
ii

    (8) 

where k∈{ RN1, RN2, RN3, ..., RNM }and the kth link, connecting the referring RN to the RMS, 
in the terms 

1...011...RN,0,111
π  and 

1...01...P,111RN,
π  has failed. 

IV. GENERALIZED APPROXIMATE INVERSE PRECONDIONING 
In order to solve efficiently the system πjQj=0, j∈{RMS, RN1, RN2, RN3,... , RNM } with the 

constraint ∑1≤j≤n πj(i)=1, in order to derive the steady state distribution that is needed for the 
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computation of the indicators in (6) and (8), let us consider the resulting linear system (by re-
ordering the graph - state diagram) of the following compact form:  

                   B u = s                     (9) 
where B is a (n×n) matrix of the following form: 

                         

B = 

  
The cost-effectiveness of iterative methods over direct solution methods for solving linear 

systems is now commonly accepted. 
In the following we present the Explicit Preconditioned BIconjugate Conjugate Gradient-

STAB (EPBI-CGSTAB) method, which can be expressed by the following compact scheme: 
Let 0u  be an arbitrary initial approximation to the solution vector u. Then,  

compute  ,0Bus  0r −=    set  0. = 0p = 0   vand   1 = 0ω = α = 0ρ   ,0r 
'
0r =        (11) 

Then, for i=0, 1, ..., (until convergence) compute the vectors ir ,iu  and the scalar quantities 

iω β, α,  as follows: 

calculate  ⎟
⎠
⎞⎜

⎝
⎛

1-ir ,
'
0r =iρ     and    ( ) ( )1-iωα1-iρiρ = β ,             (12) 

compute  ( ),1-iv1-iω   1-ipβ + 1i-r = ip −                          (13) 

form    ,iBy i   vand   ipδuδl,M = iy =                           (14) 

calculate  ,i v,'
0riρ = α ⎟

⎠
⎞⎜

⎝
⎛     compute   ,iαv - 1i-r = ix               (15) 

form    ,iBz i   tand   ixδuδl,M = iz =                           (16) 

set  ,i tδuδl,M ,i tδuδl,Mi xδuδl,M ,i tδuδl,M = iω ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛                  (17) 

compute  iziω+ iαy + 1-iu iu =    and   .itiω  - i xir =                 (18) 

where the preconditioner ( )ji,µδuδl,M ≡ , i∈[1,n], j∈[max(1,i-δl+1), min(n, i+δu)], is a [n×
(δl+δu)] approximate inverse of the coefficient matrix B, and the “retention” parameters δl, δu 
are the number of elements retained in the lower and upper part of the approximate inverse 
respectively. The computational complexity of the EPBICG-STAB method is 

ν ] adds6n   mults12)n 2414δuO[(3δl +++++≈ λλ3  operations, where ν denotes the number of 
iterations required for convergence to a predetermined tolerance level. 

          (10)
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The Explicit Preconditioned Generalized Conjugate Gradient Square (EPGCGS) method has 
been presented in [13], [14]. The computational complexity of the EPGCGS method is 

ν ] adds8n   mults11)n 2414δuO[(2δl +++++≈ λλ2  operations, where ν denotes the number of 
iterations required. 

According to the proposed computational strategy this class of approximate inverses includes 
various families of approximate inverses having in mind the desired requirements of accuracy, 
storage and computational work as can be seen by the following diagrammatic relationship, i.e.,  

                  class I        class II      class III 
     iM            δuδl,M          δuδl,M~          M  1B ←←←≡− ,               (19) 

where the entries of class I approximate inverse have been retained after the computation of the 
exact inverse, while the entries of class II approximate inverse have been computed and retained 
during the computational procedure of the approximate inverse. The class III diagonal inverse 
was computed based on the inversion of the diagonal entries of the decomposition factor, i.e. 
δl=1, resulting in a fast inverse algorithm, cf. [14]. 

The convergence analysis of the explicit approximate inverse preconditioning has been given 
in [15] Parallelization issues on the construction of the approximate inverse and the 
preconditioned conjugate gradient type methods have been addressed in [12], [16]. 

V. REJUVENATION POLICIES 
By performing software rejuvenation on the RMS and the RNs with the appropriate rate, the 

aim is to minimize the value of the indicators of equations (6) and (8) and hence provide higher 
levels of Grid availability. But, since software rejuvenation causes a downtime for the system 
and hence may increase the system unavailability, first of all it has to be checked whether 
rejuvenation decreases the downtime and consequently unavailability or not. In the case where 
software rejuvenation is beneficial for a node and consequently increases its availability, it will 
moreover increase the total Grid computing environment availability. Additionally, system’s 
parameters, representing the system’s characteristics, also affect the decision of performing 
effectively rejuvenation in order to decrease system’s unavailability. 

The effects of rejuvenation actions on each node are examined in terms of the sign of the 
derivatives of the incapacity indicators. Each of these indicators is a function of the 
corresponding rejuvenation rate at the node, and hence its derivative with respect to this rate, can 
indicate if performing rejuvenation will increase or decrease node’s availability.  

VI. TOTAL GRID AVAILABILITY 
Apart from examining how rejuvenation will benefit a node’s availability and consequently the 

total Grid availability, an overall study of the Total Grid Availability (TGA) is also presented. In 
order to determine such a study, the behaviorof the Grid’s nodes have to be combined for the 
computation of the total availability. 

The Grid computing environment studied can be considered as available, firstly when the 
RMS, is available and there is interaction between the RMS and at least one of the distributed 
RNs. But in order for the RMS to interact with the RNs, the communication links between them 
need not to have failed.  

Thus, in terms of unavailability, the Grid is at an non-operational state (down) when the RMS 
is unavailable or the RMS is at an operational state, all the links are up and all the RNs are down, 
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or the RMS is up, k links have failed and the RNs corresponding to the M-k available 
communication links are down, or finally thr RMS is at an operational state and alla the 
communication links have failed. 

In terms of the stochastic processes defined in section III, the Gird is down when: 

P}{0,j,j,0...0S =X(t)

OR  M}{1,...,m.0},{0...010..i},
m

{RMkP},{0,j where

)iF,S =(t)
k

Yor  iR,S =(t)
k

(Y  and 1) iselement th(m..0j,0...010.S =X(t)

...

ORn    mM},{1,...,nm,.0},{0...010..i},
n

RM,
m

{RM}
M

RN,...,
1

{RNkP},{0,j where

)iF,S =(t)
k

Yor  iR,S =(t)
k

(Y  and 0) are elementsthn andth(m101...1j,1...101S =X(t)

OR  M}{1,...,m.},{0...010..i},
m

{RM}
M

RN,...,
1

{RNkP},{0,j where

)iF,S =(t)
k

Yor  iR,S =(t)
k

(Y  and 0) iselement th(m..1j,1...101.S =X(t)

OR   .}{0...010..i},
M

RN,...,
1

{RNkP},{0,j where),iF,S =(t)
k

Yor  iR,S =(t)
k

(Y  and 1j,1S =X(t)

OR  ...}{0...0...1i where,iF,S =X(t)or   iR,S =X(t)

∈

∈∈∈∈

≠∈∈−∈∈

∈∈−∈∈

∈∈∈

∈

Κ

Κ

(20) 

where states 0,P,R,F have been already defined and M denotes the total number of the distributed 
RNs participating in the Grid. Under the hypothesis that an application is executed 
independently on each Grid’s node and according to expression (20), the asymptotic Total Grid 
Unavailability (TGU) is given by the following formula: 

∑
∈

+

+∏ ∑
∈

∑⋅∑

∈

∈
∑

∈

+∏ ∑
∈

∑⋅∑
∈

∑
∈
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∈

∑⋅∑
∈

+∑
∈

∑=

P}{0,j j,0...0RMS,π

...

)
}mRN,m{RN-k F}{R,y i
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M}{1,...,2m

M}{1,...,1m {0.P}j
)..101...1j,1...101.RMS,π((

)
}

1m{RN-k F}{R,y i
)iy,,RNπ(

M}{1,...,1m {0.P}j
)..1j,1...101.RMS,π((

k F}{R,y i
)iy,,RNπ()

P}{0,j j,1...1RMS,π(
F}{R,y i

)iy,RMS,(π)RN,...rRNr  TGU(r,

21
k

k

k
M1

(21) 

Since the steady state distribution of the RMS and the distributed nodes is a function of the 
rejuvenation policy for each of them, expressed by 

MRN2RN1RN r,...,r  ,r  r, , the Total Grid 
Unavailability is also a function of these rates. 

By equation (21) the Total Grid Availability with respect to the Grid nodes can be derived, 
which is also a function of 

MRN2RN1RN r,...,r  ,r  r, : 

 RN RN RN RN1 M 1 M
TGA(r,  r ,..., r ) 1 (r,  r ,..., r )= −TGU        (22) 

Based on equation (22) the effects of triggering rejuvenation at each one of the nodes to the 
Total Grid Availability can be derived, and hence the optimal rejuvenation policy, consisting in 
the optimal time to rejuvenate each node, that increases the total Grid computing environment 
availability can de distinguished. Thus, for a given Grid computing environment with a star 
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topology and known characteristics of the nodes participating, an optimal rejuvenation policy 
that provides higher levels of availability can be designed, for the nodes that are benefited by 
rejuvenation.  

VII. CASE STUDY AND NUMERICAL RESULTS 
In this section a case study is presented. The Grid computing environment is constructed under 

a star topology and consists of the RMS and three distributed RNs. In the case study, the data 
used are only for demonstration and not taken from real life systems although that are close to 
data met in the literature of the Grid dependability.  

A. RMS and RNs Contribution to Availability  
In a Grid computing environment with structure similar of Figure 1, the state transition 

diagram of a process describing an application executed on the RMS and the RNs has the 
structure of Figure 3. 

The model parameters measured in hours-1, are shown in Tables 1 and 2. These values 
correspond to three different data sets. The links’ characteristics are assumed to be equal for all 
the data sets. 

According to equations (6) and (8), the Grid Contribution Incapacity (GCI) for each of the four 
nodes participating into the Grid can be then computed. These quantities are functions of the 
corresponding rejuvenation rate values, i.e. GCIRMS(rRMS), GCIRN1(rRN1), GCIRN2(rRN2), 
GCIRN3(rRN3). Note that rRMS represents the rejuvenation rate for the RMS, and rRN1, rRN2, rRN3 
represent the rejuvenation rates for the distributed nodes RN1, RN2 and RN3 correspondingly. In 
order to decide whether rejuvenation is beneficial for each node, the values of these indicators 
have to be compared under the cases of performing or not rejuvenation, for all the data sets. 

For data set 1, 0/GCIRMS >RMSdrd , which indicates that as the rejuvenation rate increase 
GCIRMS also increases and hence performing rejuvenation does not contribute to the RMS 
availability and it is not beneficial. The same result is derived for the rest of the distributed nodes 
and hence performing software rejuvenation on a Grid computing environment characterized by 
the rates of data set 1does not increase the Grid’s availability. In such a case, it is proposed not to 
trigger any rejuvenation actions. 

For data set 2, 0/GCIRMS <RMSdrd  denoting that increasing rRMS, GCIRMS decreases leading to 
higher levels of RMS availability and hence to an effective contribution of the RMS to the total 
Grid availability. In contrast, 0/GCIi <idrd , i∈{ RN1, RN2, RN3}, indicating that software 
rejuvenation does not benefit any of the distributed nodes. Hence, software rejuvenation is 
recommended only for the RMS in order to achieve higher levels of the Grid availability.  

Finally for data set 3, 0/GCIi <idrd , i∈{ RN1, RN2, RN3}and consequently as the 
rejuvenation rate increases the GCIj j∈{RMS, RN1, RN2, RN3}decreases leading to higher levels 
of the Grid availability. Hence, rejuvenation has to be performed on all the Grid nodes in order 
to provide higher availability.  

In Figures 4, 5 and 6 the above results for all the data sets are presented in terms of the Grid 
Contribution Capacity (GCC), where  

 j j j j 1 2 3GCC r ) 1 GCI r ), j {RMS,RN , RN , RN }= − ∈( (              (23) 
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Fig. 3. Case Study: Transition state diagram of a Grid node 
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Fig. 4. Contribution to Grid Availability of all the nodes for Data Set 1 

TABLE 2 
COMMUNICATION LINKS’ PARAMETERS 

Rate Parameters’ values in hours-1 

λ1 0.000001 
λ2 0.000005 
λ3 0.000008 
µ1 6 
µ2 3 
µ3 2 

TABLE I 
NODES’ PARAMETERS 

Parameters’ values in hours-1 
Rate 

Data Set 1 Data Set 2 Data Set 3 

αRMS 0.004 0.00001 0.00001 

αRN1 0.005 0.00002 0.00002 

αRN2 0.0075 0.00025 0.000025 
αRN3 0.006 0.0005 0.00003 
λRMS 0.0006 0.00002 0.00002 
λRN1 0.0001 0.00005 0.00003 
λRN2 0.0015 0.00001 0.00004 
λRN3 0.002 0.00008 0.00004 
βRMS 3 1 1 
βRN1 2.5 2 2 
βRN2 2 1.3 1.5 
βRN3 2.5 2 2.5 
µRMS 2 0.25 0.25 
µRN1 2 2 0.3 

µRN2 1 0.4 0.25 
µRN3 1.5 0.5 0.4 
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Fig. 5. Contribution to Grid Availability of all the nodes for Data Set 2 
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Fig. 6. Contribution to Grid Availability of all the nodes for Data Set 3 

B. Total Grid Availability  
The Total Grid Availability and the way that is affected by the rejuvenation policies followed 

at each Grid node, can be also studied. 
In the case of data set 1, where there is no benefit earned by performing rejuvenation, there is 

no meaning of determining the optimal rejuvenation policy. In contrast, for the data set 2, where 
only the RMS can contribute to the Grid availability when rejuvenation actions are triggered, the 
behavior of the Total Grid Availability with respect to the RMS’s rejuvenation rate rRMS value 
can be studied, by setting ri = 0, i∈{ RN1, RN2, RN3}. When no rejuvenation action is triggered 
on the RMS the corresponding Total Grid Availability with respect to the variable rRMS 
(TGA(rRMS,0,0,0)), is TGA(0,0,0,0) = 0.999973334 according to equation (21). As the 
rejuvenation rate rRMS increases, the TGA(rRMS,0,0,0) also increases, indicating that rejuvenation 
has to be triggered on the RMS immediately when the application running enters the failure 
probable state P. The behavior of TGA(rRMS,0,0,0) is presented in Figure 7. 

For data set 3, where all of the Grid nodes contribute to the Grid availability, when 
rejuvenation is performed on the applications executed on them, the Total Grid Availability 

)r,r,r ,(r
3RN2RN1RNRMS

TGA  is increased as the rejuvenation rate values increase. Thus the 

rejuvenation policy proposed for the applications running on the Grid nodes characterized by 
data set 3, consists of triggering rejuvenation on the RMS and the RNs immediately when the 
applications enter the failure probable state in order to avoid failures and hence achieve higher 
levels of the Grid availability. 
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Total Grid Availability for Data Set 2
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Fig. 7. Total Grid Availability with Respect to the RMS’s Rejuvenation Rate rRMS Values for Data Set 2 
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Fig. 8. Total Grid Availability with Respect to the RMS’s Rejuvenation Rate rRMS Values for Data Set 3 
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Fig. 9. Total Grid Availability with Respect to the RN1’s Rejuvenation Rate rRN1 Values for Data Set 3 

 

In Figure 8, the TGA for data set 3 is presented, with respect to the rejuvenation rate rRMS. The 
solid line represents the TGA when no rejuvenation action is taken at any node and the dashed 
line represent TGA corresponding to the values * * * *

RMS RN RN RN1 2 3
r , r , r , r  indicating triggering 

rejuvenation at the time that the application executed at each node enters the failure probable 

state. That is * * * *
RMS RN RN RN1 2 3

= r r r r 0.006= = = , which corresponds to performing rejuvenation once a 

week. In fact, the above rate values are used to illustrate our statement and are not restrictive as 
rejuvenating immediately after entering the failure probable state means 
that r = , i {RMS,RN , RN , RN }i 1 2 3∞ ∈ . Figure 9 presents the TGA behavior with respect to rRN1. The 
effect of rRN2, rRN3 on the TGA is similar with the one presented in Figure 9 for rRN1.  

By Figures 8 and 9 the great effect of the RMS on the TGA can be distinguished, as the 
increase of rRMS causes an important increase on the Total Grid Availability in contrast with rRN1 
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whoose increase has meaningless effect on theTotal Grid Availability. 

C. Generalized Approximate Inverse Precondioning 
In the case of studying a Grid structure with many RNs, the complexity of the study increases 

considerably, since the number of states for each application running on a certain node is 
increased. 

The sparse linear system was solved by the EPGCGS and EPBICG-STAB method. The 
Explicit Preconditioned Conjugate Gradient - type methods were terminated when 6

2i 10r −< . 
In Table 4, the convergence behavior of the EPGCGS and EPBICG-STAB method is presented 
for various values of the “retention” parameters δl and δu= δl-1. The performance (in s.hh) of the 
EPCGS and EPBICG-STAB method is given in Figure 5.  

Further, it should be noted that approximate inverse preconditioning has been implemented for 
solving efficiently sparse linear systems on multiprocessor system, using Java multithreading 
and OpenMP, and on multicomputer systems, using MPI communication library, cf. [12], [16]. 

 

 
 

 

VIII. CONCLUSIONS 
In this paper, the new and evolutionary technology of Grid computing was taken under 

examination in terms of availability. A Grid computing environment with star topology 
consisting in the Resource Management System, distributed Root Nodes and communication 
links between these nodes was considered. Software rejuvenation performance on each of the 
Grid’s nodes was modeled in order to increase the Grid’s availability, when possible. Indicators 
about the contribution of each node to the Grid availability were derived and their behavior with 
respect to software rejuvenation was also studied. In the case that a node’s availability was 
increased when software rejuvenation is performed, the rejuvenation policy that provides higher 
levels of the Grid availability was proposed. Moreover, explicit approximate inverse 
preconditioning schemes were used, in order to solve sparse linear system of equations obtained 
when many Roto Nodes participate into the Grid. The effectiveness and applicability of explicit 
approximate inverse preconditioning of solving sparse linear system was illustrated. 

TABLE 5 
THE PERFORMANCE OF THE EPGCGS AND EPBICG-STAB METHODS  

TIMING (given in ss.hh) 
EXPLICIT PRECONDITIONED CG-TYPE METHOD 

EPGCGS EPGCGS-STAB 
n ℓ1 ℓ2 

δl=1 δl=ℓ1 δl=2ℓ1 δl=3ℓ1 δl=1 δl=ℓ1 δl=2ℓ1 δl=3ℓ1 
256 25 65 0.03 0.05 0.07 0.12 0.03 0.05 0.08 0.12 
512 50 129 0.22 0.36 0.60 1.05 0.23 0.37 0.62 1.06 
1024 91 257 0.96 3.22 5.81 10.32 0.99 3.25 5.83 10.42 

TABLE 4 
CONVERGENCE BEHAVIOR OF THE EPGCGS AND EPBICG-STAB  

EXPLICIT PRECONDITIONED CG-TYPE METHOD 

EPGCGS EPGCGS-STAB n ℓ1 ℓ2 

δl=1 δl=ℓ1 δl=2ℓ1 δl=3ℓ1 δl=1 δl=ℓ1 δl=2ℓ1 δl=3ℓ1 
32 4 9 3 2 2 2 3 2 2 2 
64 7 17 3 2 2 2 3 2 2 2 

128 14 33 3 2 2 2 3 2 2 2 
256 25 65 3 2 2 2 3 2 2 2 
512 50 129 3 2 2 2 3 2 2 2 
1024 91 257 3 2 2 2 3 2 2 2 
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