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Abstract

The model relates the concentration of a polluter in the atmosphere with the field vector of wind velocity, the turbulent
diffusivity vector and the rate of mass diffusion of the polluter. An implicit finite-difference method is proposed for the numerical
solution of this one-dimensional advection-diffusion model.
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I. INTRODUCTION

HE concentration of air pollutants have in general been steadily increasing during the last two decades. To correctly
gauge the impact of various sources of pollutants requires careful modeling the complex physical processes associated
with the advection and diffusion of air pollution. These models are computationally demanding and require the use of stable
and accurate numerical schemes, [12], [11], [13], [15]. By considering only passive pollutants in an air pollutant transport
model the advection—diffusion system of equations can drive the dynamical evolution of the pollutant concentration in a similar
way that this is done, for example, in water flows [1], [5], [7], [5].
Let c(x,y, 2,t) ug/m> be the concentration-density of a passive polluter in the atmospheﬁe[,vm,vy,vz]T m/s be the
vector field of the velocity of the wind, which is given from a numerical model of weather data foré€astK,, K, Kz]T
be the turbulent diffusivity tensor ansl 1g/m?3s be the source of the polluter with mass release gétg in p/h. Then the
concentration-density can be described from the followirg)D advection-diffusion (AD) equation

0
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In Eqg. (1.1) in order to simplify the quantity @ V ¢ only the diagonal terms were used. Therefore
0 Jdc 0 dc 0 Jc

where the factord(,, K, and K, can be evaluated using various methods such as to have constant values or to calculated in
the numerical weather model etc.

For the unstrained terrfi it can be assumed that eith€r= ¢(¢) (locally) or the sources follows a Gaussian distribution,
which depends from the distandeof the local source and expands to the grid cells as follows

e q(t) 2
= — = on 1.
5(d) = 5. (d) omo2il ¢ (1.3)
where H is the vertical expansion of the smog anml is the horizontal area of the grid cell that includes the source.
The velocity field can be available in hour intervals but a numerical scheme foflHg.is going to need time steps i
therefore in order to have the velocity field for all the necessary time steps there could be a linear interpolation in time.
Eqg. (1.1) for the one-dimensional problem, whete= ¢(z,t), v = v(x), K = K, = K(z), V¢ = ¢,
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reads to the following diffusion-advection equation

%4_@ + 81)_87[(%_1_[(626
ot " or.  or or ox Ox2

+S; xze (Lo, L1) andt > 0. (1.4)
Eq. (1.4) when
v =0, K constant without the sourcg reduces to the classical diffusion equation

Oc 9%c
EZK@’ x € (Lo, L) andt > 0, (1.5)

v = p constant and< = 1/Re, Re being the Reynolds number leads to

dc oc 1 8%
E—Fua—x—ﬁw—&—é’,xe(Lo,Ll) andt¢ > 0. (16)
Initial conditions are assumed to be of the form
c(z,0) = f(x), (1.7)
while boundary conditions
¢(Lo,t) =g(x) andc(Ly,t) = g(z); t >0 (1.8)
with f, g and g known functions.

Il. THE NUMERICAL METHOD

Finite difference schemes is a common choice for advection-diffusion equations see, for example, [9], [13], [11], [6], [2],
[3], [4]. Explicit in time schemes are restricted by the well known CFL like stability restrictions that reduce substantially their
computational efficiency. Our scope here is to present an implicit scheme that highly relaxes this restriction.

A. Grid and solution vector

For the numerical solution the regidd = [Lo < = < L;] x [t > 0] with its boundaryd) consisting of the lines = Ly,
x = Ly andt = 0, is covered with a rectangular megh, of points with coordinateéz, t) = (z,, t,) = (Lo + mh,nl) with
m=0,1,..,N+1andn =0,1,..., so thath = (L, — Ly) / (N + 1). The solution of Eq(1.4) at the typical mesh point
(T, tn) 1S ¢ (zm,t,) Which may be denoted, when convenient, dfy. The solution of an approximating difference scheme
at the same point will be denoted I8y, while for the purpose of analyzing stability, the numerical valueCgf actually
obtained (subject, for instance, to computer round-off errors) will be denoteﬁa;;py

Let the solution vector at time level= ¢,, = nf be

C"=C(t,) =[C},Cy,..CR]". (2.1)

B. The finite-difference scheme

Eq. (1.4) using central-difference approximations for the space partial derivatives, when applied to the general mesh point
(zm,tn) Of the grid G, leads to the following system of ordinary differential equations
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for m =1,2,..., N, which can be written in a matrix-vector form as

1 . 1 .
DC(t) = _ﬁdlag{vm} AC(t) - ﬁdlag{varl —Um-1} C(t)
1 . 1 .
+md|ag{Km+1 —Kpnmo1} AC(H) + ﬁdlag{Km} BC(t)+S"+b", (2.2)
where D = diag{d/d ¢} matrix of orderN and A, B are tridiagonal matrices of ordé¥ given by
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A= , (2.3)
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B= . (2.4)
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1 -2
Cc" =[Sy, Sy, ..., S%]" a vector of ordetN and
b = [b17b27"'7 bN] |:{2h?}14hQ(K2KO)+h2K1}CO
1 1 1 . 1"
707'“707 _ﬁvN—i_m(KNﬁ*l_KN) +ﬁKN CN+1 (25)
the vector of the boundary conditions also of ordér
Using the recurrence relation
Ct+0)=ePC), t=102¢,.. (2.6)

in which the matrix-exponential term is replaced with {ie0) Pade approximant of the form
P ~(I—tD), (2.7)
where! the identity matrix of orderV, finally leads to
(I-¢D)C(t+£)=C(t). (2.8)
Let r = ¢/h andp = ¢/h*%. Eq. (2.8) using Eq.(2.2) leads to the following linear system
I+ gdiag{vm} A+ goliag{vm+1 U}

~Ldiag{Kps1 — Kin-1} A = pdiag{K,.} B| C(t+1)

—S"™ Tt bt = C(1), (2.9)
which, when the notation of the gri@ is used, gives
[g Ve — % (K1 — K1) — me} cntl 4 [1 + g (Vg1 — V1) + 2me} onH
[ 5 om o+ B (Kna = K1) = p K| Gl = £S5 = 04 = C, (2.10)
form=1,2,...,N.
C. The stability analysis
Following the Fourier method of analyzing stability it is considered a small error of the form
zZn =cn —Cn (2.11)
with
zn = e@nteiBmh . i — /-1, (2.12)

where o is complex number and@ is real. Then the von Neumann necessary criterion for stability requires the following
condition to be satisfied

le*f| <1+¢8, (2.13)
whereS a non negative constant independent @ind h.
Let
S= max S}; n=01,.. (2.14)
m=1,2,....N

Then S obviously satisfies the required condition for the constant on the right-hand side @.18). Eq. (2.10) when the
last two terms on the right-hand side, becaus€20f3), are omitted, otherwise the problem is without a source, using Egs.
(2.11)-(2.12) after canceling both sides hy"‘e’*™" leads to
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and finally to the followingstability equation

h
{i [rvm - g (Kt — Km,l)} sin Bh + 1 +g (Vmt1 — V1) + 4p Ky sin® 62} € =1, (2.15)

where¢ = ¢ is the amplification factor.
- Eq. (2.10) for the diffusion problem given by Ed1.5) becomes

2

Sincep, K > 0, condition(2.7) is always satisfied, so the method is unconditionally stable.
- Eq. (2.10) for the advection-diffusion problem given by E(..6) becomes
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€= <1+4szin2 /Bh) . (2.16)
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Then condition(2.7) is always satisfied and the scheme is, again, unconditionally stable.

IIl. NUMERICAL RESULTS

In this section, numerical results are presented based on the scheme presented above. In all the test problems presente
below free outflow boundary conditions are implemented.

The first test problem has an analytical solution with= 0. The analytical solution is that of a Gaussian pulse of unit
height centered at, = 1m in a region bounded by < x < 6 and is given by

1 _ (z—zg—ut)?
C(z,t) = Nir=n i B (2.19)

wherew is the velocity andX the (constant) diffusion coefficient in thedirection. The values of the various parameters used
areD =5-10"3m?/s andu = 0.8m/s. The space step and time step are taken té be0.02m andl = 0.01s respectively.

The distribution of the Gaussian pulsetat 5s is computed using the presented numerical scheme and compared with the
concentration distribution obtained using the exact solution in Fig 1, where we can see that the numerical solution follows
very closely the exact one.

For the next test problem we assume an area of lehAgth200m and we impose a constant velocity= 1m/s with the
diffusion coefficientK = 5 - 10~2m?/s. The value ofh = 0.1m andi = 0.2s. A pollutant source is placed at= 50m with
a constant emission ratg = uq,, whereu, = 20m/s the gas exit speed angd = 0.1ug/m? the source concentration rate.

The results are presented in Fig.2 where the advection of the pollutant can be seen at four different times.

For the same problem we assume initially that= 0 for the first 50s and thak’ = 5 - 10~'m?/s. After 50s the (wind)
velocity changes tar = 1m/s in the positive direction. In Fig. we can see the effect of diffusion for the first 50s, the
concentration is increased locally and spreads in both directions. Then it is advected in the positive direction.

In the next problem we assume the existence of two sources locaied ab0m andx = 300m respectively in an area of
1000m. The second source has n@w= .05ug/s. We useK = 0.1m?/s, h = 0.2m andl = 0.01s In Fig.4 we can see the
evolution of concentration in the domain, by time- 180s the two source have contributed to an increase in the concentration
to a maximum value o8u/m? which gradually propagates in the rest of the domain.

For the last test case a more realistic case is presented. Assuming a dothaini0fkm with v = 1m/s and K = 103m?/s
(a typical value of the daily atmospheric boundary layer). A source is placed=a25km based on Eq. (1.3) witli{ = 1m,
on, = h andq(t) = 2u/m3. The computational parameters used whiere 25m and! = 1s. The effect of the diffusion can
be clearly seen in Fig.5 as it is dominant in this case. The concentration hasn’t reach its peak value even after five hours but
has spread in all the half domain in the positive direction.

We point out that in all computations the value of the time step is highly increased when compared to other explicit schemes
usually presented in the literature.
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Fig. 1. Test Problem 1: Evolution of a Gaussian pulse (comparison with exact solution))
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Fig. 2. Test Problem 2: Evolution of pollutant concentration from a souice ( and K = 5 - 10~2)
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Fig. 3. Test Problem 3: Evolution of pollutant concentration from a souice (), for the first 50s, and< = 5- 10~ 1)
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Fig. 4. Test Problem 4: Evolution of pollutant concentration from two sources
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Fig. 5. Test Problem 4: Evolution of pollutant concentration from a souke=(103m?/s)
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