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Theoretical and Practical Issues of
Evacuation Planning in Urban Areas

Naoyuki KAMIYAMA , Naoki KATOH, AtsushiTAKIZAWA

Abstract— In the evacuation problem by using dynamic net-
work flow, the time-expanded network introduced by Ford and
Fulkerson [6] has been used in many applications. Although the
algorithm based on the time-expanded network can be easily
implemented, the size of the time-expanded network depends on
granularity of the unit time adopted. In this paper, we present
the results of the trade-off between actual runtime and the
accuracy of model through numerical examples arising from real
data. Furthermore, we consider several other features from the
viewpoint of actual evacuation planning: (i) To avoid disorderly
congestion in evacuation situation, blocking at intermediate
vertices is undesirable. (ii) It is preferable that all the supplies
at the same vertex take the same path to a sink. In this paper,
we present the well-defined theoretical models in order to solve
the above problems, and the results concerning these models.

Index Terms— Dynamic network flow, Evacuation problem,
Combinatorial optimization

I. I NTRODUCTION

I N December 2004, the Sumatra-Andaman earthquake oc-
curred. It triggered tsunamis, and tragedy fell upon many

people. Not only earthquakes but also diverse disasters occurred
and caused serious damages in many countries. Therefore it is
very important to establish crisis management systems against
large-scale disasters such as big earthquakes, conflagrations and
tsunamis to secure evacuation pathways and to effectively guide
residents to a safe place. The problem for finding the most
effective plan to evacuate people to safe place has been modelled
as anevacuation problemby usingdynamic network flow. In the
evacuation problem, we are given a directed graphD = (V, A)

which consists of a vertex setV with supplyb(v) on every vertexv
and an arc setA with capacityc(e) and transit timeτ(e) on every
arc e and a single sinks ∈ V . If we consider urban evacuation,
vertices model buildings, rooms, exits and so on, and arcs model
pathways or roads. For an arce, capacity c(e) represents the
number of people which can traversee per unit time, and transit
time τ(e) represents the time required to traversee. For any vertex
v, supplyb(v) represents the number of people which exist atv.
The evacuation problem asks to find the minimum time required
to send all the supplies to a sink.

The first algorithm to solve the dynamic flow problem was
proposed by Ford and Fulkerson [6]. It first transforms the
problem to a maximum-flow problem whose size is the original
network size times the time horizonT , and thus its running
time is pseudo-polynomial. Theoretically, the first polynomial
time algorithm for the evacuation problem was proposed by
Hoppe and Tardos [8]. However it requires to use the submodular
function minimization as a subroutine. Their algorithm requires
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O(log(n ·maxe∈A τ(e)+
P

v∈V b(v))) submodular function min-
imizations. Hence the running time is high-order polynomial, and
the algorithm is not practical in general. Therefore it is necessary
to devise a faster algorithm for a tractable and practically useful
subclass of this problem. In our previous papers [10] and [11],
we have presented respectively anO(n log n) time algorithm for
a
√

n×√n grid network with uniform transit time and uniform
arc capacity wheren denotes the number of vertices in the given
network and the algorithm for lager class of networks including
the grid network with uniform transit time and uniform arc
capacity.

When we consider the evacuation planning in practical situa-
tions (e.g. buildings, cities, and so on), the algorithm of [8] is
very complicated, and it is hard to implement. Furthermore, in
general the network which we need to treat may not belong to
the above special classes studied by [10] and [11]. Therefore,
in many applications we need to use the time-expanded network
introduced by Ford and Fulkerson [6]. Although the algorithm
based on the time-expanded network can be easily implemented,
the size of the time-expanded network depends on granularity
of the unit time adopted, e.g., if we set the unit time to one
second, the size of the time-expanded network is sixty times
larger than the one in the case where the unit time is set to
one minute. Namely, a more accurate model relies on finer
granularity, requiring longer running time. We need to make
decision considering the trade-off between actual runtime and the
accuracy of model. In our paper, we present the results concerning
this trade-off through numerical examples arising from real data.

Moreover we need to consider several other features from the
viewpoint of actual evacuation planning.

i. The first problem isblocking at intermediate vertices. To
avoid disorderly congestion in evacuation situation, block-
ing at intermediate vertices is undesirable. Theoretically,
it is known [5] that there exists an optimal flow without
blocking for the evacuation problem. However, such optimal
flow incurs a situation such that people at sources must wait
even if the outgoing arc is not occupied. Thus, this flow is
not “psychologically” acceptable for human. In this paper,
we present a new model for a flow without blocking.

ii . The commodity which flows through the network represents
people. Therefore, it is desirable for the evacuation guidance
that all the supplies at the same vertex take the same path
to a sink. In this paper, we present theevacuation problem
which is the evacuation problem under the constraint such
that all the supplies at the same vertex take the same path
to a sink.

These practical issues are not only very interesting from practical
viewpoint but provide new theoretical issues. In our paper, we
present the well-defined theoretical models in order to solve the
above problems, and the results concerning these models.

This paper is organized as follow. Section II introduce notations
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and fundamental definitions. Section III presents the results of
the trade-off between actual runtime and the accuracy of model
through numerical examples arising from real data. Section IV
consider a new model for a flow without blocking. In Section V,
we consider the evacuation problem under the constraint such that
all the supplies at the same vertex take the same path to a sink.
Section VI concludes this paper.

II. PRELIMINARIES

Let R+ andZ+ denote the set of nonnegative reals and non-
negative integers, respectively. We will not distinguish between a
singleton{x} and its elementx. For any finite setX, we define
|X| as the number of elements that belong toX.

A. Directed graph

Let D = (V, A) be a directed graph. We denote bye = uv an
arc e whose tail isu and head isv. If e = uv has no parallel
arc, we may simply writeuv. For X ⊆ V , we defineδ+(X) =

{e = xy ∈ A : x ∈ X, y ∈ V −X} and δ−(X) = {e = xy : x ∈
V −X, y ∈ X}. Throughout this paper,n andm denote|V | and
|A|, respectively.

B. Dynamic network

Let N = (D = (V, A), c, τ, b, s) be a dynamic networkN
which consists of a directed graphD = (V, A), a capacity function
c : A → R+ which represents the upper bound for the rate of flow
that enters an arc per unit time, a transit time functionτ : A → Z+

which represents the time required to traverse an arc, a supply
function b : V → R+ which represents the supply of a vertex,
and a single sinks ∈ V . Since we consider evacuation tos, we
assume thats has no leaving arcs and no supply, and any vertex is
reachable tos. We define alengthof a pathp in D as

P
e∈p τ(e).

We define adynamic network flowf : A × Z+ → R+ in N as
follows. For e ∈ A and θ ∈ Z+, we denote byf(e, θ) the flow
rate enteringe at the time stepθ which arrives at the head ofe at
the time stepθ + τ(e). We call f feasible dynamic network flow
in N if it satisfies the following three conditions, i.e.,capacity
constraint, flow conservation, anddemand constraint[13].
Capacity constraint: For anye ∈ A andθ ∈ Z+,

0 ≤ f(e, θ) ≤ c(e).

Flow conservation: For anyv ∈ V andΘ ∈ Z+,

X

e∈δ+(v)

ΘX

θ=0

f(e, θ)−
X

e∈δ−(v)

Θ−τ(e)X

θ=0

f(e, θ) ≤ b(v). (1)

Demand constraint: There existsΘ ∈ Z+ such that

X

e∈δ−(s)

Θ−τ(e)X

θ=0

f(e, θ) =
X

v∈V

b(v). (2)

Notice that (1) allows blocking at vertices. LetF(N ) be the set
of all feasible dynamic network flows. Forf ∈ F(N ), let Θ(f)

denote the minimum time stepΘ satisfying (2). Theevacuation
problem asks to find the minimum value ofΘ(f) among all
f ∈ F(N ). Given a dynamic networkN , the evacuation problem
EP(N ) is formally defined as follows:

EP(N ) : minimize{Θ(f) : f ∈ F(N )} .

Given time horizonT , we define thedecision version ofEP(N )

with time horizonT as the problem which determines whether
there exists a feasible dynamic network flowf with Θ(f) ≤ T

in N .
Throughout this paper, we use the convention that in a figure

of a dynamic network, the pair of numbers attached to an arc
indicates the capacity and the transit time. Moreover, the number
attached to a vertex indicates the supply (see Figure 1(a) for
example).

C. Static network

Let N̂ = (D̂ = (V̂ , Â), ĉ, b̂, Ŝ) be astatic network1 N̂ which
consists of a directed grapĥD = (V̂ , Â), a capacity function
ĉ : Â → R+, a supply function̂b : V̂ → R+, and a set of sinks
Ŝ ⊆ V̂ . We callf : Â → R+ a feasible static network flowin N̂ if
it satisfies the following two conditions, i.e.,capacity constraint
andflow conservation.
Capacity constraint: For anye ∈ Â,

0 ≤ f(e) ≤ ĉ(e).

Flow conservation: For anyv ∈ V̂ − Ŝ,
X

e∈δ+(v)

f(e)−
X

e∈δ−(v)

f(e) = b̂(v).

If there exists a feasible flow in̂N , N̂ is calledfeasible.
Throughout this paper, in a figure of a static network, the

number attached to an arc and a vertex indicates the capacity
and the supply, respectively. If no number is attached to an arc,
the capacity of this arc is infinite. Moreover, if no number is
attached to a vertex, the supply of this vertex is zero.

D. Time-expanded network

In order to solve the decision version ofEP(N ) with time
horizonT , Ford and Fulkerson [6] introduced thetime-expanded
networkN (T ) which is a static network such that for anyv ∈ V

and i = 0, 1, . . . , T , there is a vertexvi, and for anye = uv ∈ A

and i = 0, 1, . . . , T − τ(e), there is an arcei = uivi+τ(e) whose
capacity isc(e), and for anyv ∈ V and i = 0, 1, . . . , T − 1, there
is a holdover arcvivi+1 with infinite capacity. For everyv ∈ V ,
the supply ofv0 is set tob(v) and the supplies of all the other
verticesvi for i = 1, . . . , T are set to zero. LetsT be a single
sink ofN (T ) (see Figure 1).

It is known [6] that there exists a feasible dynamic flowf with
Θ(f) ≤ T if and only if N (T ) is feasible. Although we can
decide whether the time-expanded network is feasible or not by
solving the maximum-flow problem, the running time is pseudo-
polynomial because the size of the time-expanded network is
proportioned toT .

E. Grid network

In this paper, we often consider the evacuation problem defined
on a grid graph (see Figure 2) since the grid structure often
appears in modelling building corridors and city streets.

Here we give the formal definition of agrid graph D =

(V, A). We assume anyv ∈ V is on grid points{0, 1, . . . , N} ×
1In order to distinguish classical network from dynamic network, we call

classical networkstatic network, and flow defined on static network is called
static flowor simply flow.
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Fig. 1. (a) Dynamic networkN . (b) Time-expanded networkN (7).

s

Fig. 2. Grid graph.

{0, 1, . . . , N} in R2, and a vertex is identified with(x, y) with
0 ≤ x ≤ N and 0 ≤ y ≤ N . The distancebetween two vertices
(x, y) and(x′, y′) is defined as|x−x′|+ |y− y′|. Two verticesv
andw are connected by an arc if and only if the distance between
v andw is equal to one. Given a specified vertexs ∈ V as a sink,
the arc which connectsv and w is directed fromv to w if and
only if the distance fromw to s is smaller than that fromv to
s. A dynamic network defined on a grid graph is called agrid
network.

III. T RADE-OFF BETWEENACTUAL RUNTIME AND

ACCURACY OFEVACUATION MODEL

In this section, we present the results of the trade-off between
actual runtime and the accuracy of model through numerical
examples arising from real data. As was shown in Section II-D,
we can solve the decision version ofEP(N ) by solving maximum-
flow problem defined on the time-expanded network. Thus, we
can solveEP(N ) in the framework of binary search. To apply the
binary search method, we first have to estimate the upper bound
for the optimal value ofEP(N ). It is known [8] that the optimal
value ofEP(N ) is bounded byn ·maxe∈A τ(e) +

P
v∈V b(v).

A. Modelling Kyoto City

In this paper, we modelKyoto cityas an input data. This city
has a grid structure. In this city, it is planned that people who live
in a square of side length of two kilometers evacuate to the same
refuse such as a schoolyard. Thus, we consider the evacuation
problem defined on20 × 20 grid network and we regard the
distance between the adjacent vertices as one hundred meters. If
we regard one time unit of the evacuation problem as one second,

the transit time of an arc becomes about150 time units where we
assume that human can walk about65 centimeters in one second.
Next we consider supplies of vertices. Since about150 persons
live in a square of side length of one hundred meters, a supply of a
single vertex is about150 if we regard one supply as one person.
If we regard one time unit and one supply as one second and
one person respectively, the upper bound of the optimal value of
EP(N ), i.e.,n·maxe∈A τ(e)+

P
v∈V b(v) is more than a hundred

thousand, and the size of a time-expanded network becomes huge.
Thus, in our numerical examples, we regard one supply as four
persons, and one unit time as the following four cases (i) five
seconds, (ii) fifteen seconds, (iii) twenty-five seconds, and (iv)
fifty seconds. In the following subsection, we present the time
spent to solve the evacuation problem and the accuracy of each
model.

B. Numerical Example

First we randomly generate four sets of problem instances each
of which consists of nine dynamic networks with the following
properties:

• 20× 20 grid network.
• a single sink is randomly placed in a grid network.
• supplies of vertices are between25 and45.
• capacities of arcs are between1 and10.
• transit times of arcs are between100 and200 seconds.

Four sets of problem instances are generated by setting the unit
time of transit time to five, fifteen, twenty-five and fifty seconds,
respectively. These four sets are denoted by Cases (i), (ii), (iii)
and (iv), respectively. These experiments were done on a PC with
a Anthlon 64,2.20 GHz with 1.00 GB memory, and the code was
written by C++. Furthermore, We used LEDA [1] to implement
the maximum-flow algorithm. Table I shows the results of this
experiment. In this table, “opt” represents the optimal value,
and “time” represents the runtime in seconds spent to solve the
problem.

TABLE I

RESULTS OF EXPERIMENT.

Case (i) Case (ii) Case (iii) Case (iv)
No. opt time opt time opt time opt time
1 930 624 311 72 187 23 94 8
2 2779 899 1109 133 693 55 347 14
3 5073 12012 2027 507 1266 284 633 73
4 998 1341 341 132 207 47 104 15
5 790 864 297 56 194 27 98 7
6 684 536 240 69 146 28 79 7
7 2248 1988 842 164 517 74 259 23
8 608 420 212 40 129 20 69 5
9 888 1237 322 113 197 50 101 11

average 1666 2213 633 142 392 68 198 18

With respect to the time spent to solve the problem, the average
runtime in Case (i) was sixteen times longer than that in Case (ii),
although the unit time of Case (i) is three times longer than that
of Case (ii). Similarly, for Cases (ii), (iii) and (iv), the average
runtime decreases according to granularity. On the other hand, for
the optimal value, there was a drastic difference between Case (i)
and Case (ii). In these cases, the average of the evacuation time
in a real world are8330 seconds and9495 seconds, respectively.
The difference between two cases is equal to about seventeen
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minutes. That is, the granuality of Case (ii) is too rough. From
this experiment, we can see that the time unit is set to at most five
seconds although the time spent to solve the problem is longer
than that in the other cases.

IV. SMOOTH EVACUATION

In this section, we consider a dynamic network flow without
blocking. To avoid disorderly congestion in evacuation situation,
blocking at intermediate vertices is undesirable. Theoretically, it
is known [5] that there exists an optimal flow without blocking
for the evacuation problem. However, this optimal flow without
blocking incurs a situation such that people at sources wait
even if the outgoing arc is not occupied. Thus, this flow is not
psychologicallyacceptable for human.

Let us consider a small example (see Figure 3). First we
consider the case where supplies at each vertex enter into an
incident arc as much as possible. Table (3) shows the amount
of flow entering into each arc in this case. For convenience, the
supply ofv and that ofw are assumed to be distinguishable.fv

and fw represent the amount of flow of the supply ofv and w,
respectively. In this case, the supply ofw has to wait atv. Thus,
this flow is not acceptable. Next we consider a flow as shown in
Table (4). In this flow, although no supply waits at intermediate
vertex, the supply ofv yield to the supply ofw, and it is unnatural
in an evacuation situation. Finally we consider a flow as shown
in (5). In this flow, the supplies ofw do not have to wait atv.
However, at time step0, the supplies ofw wait although an arc
wv is empty.

(2; 1) (3; 1)6 7

w v s

(a)

Fig. 3. Input dynamic network.

time 0 1 2 3 4

vs
fv 3 3 1 0 0

fw 0 0 2 3 1

wv fw 2 2 2 0 0

(3)

time 0 1 2 3 4

vs
fv 3 1 1 1 1

fw 0 2 2 2 0

wv fw 2 2 2 0 0

(4)

time 0 1 2 3 4

vs
fv 3 3 1 0 0

fw 0 0 2 2 2

wv fw 0 2 2 2 0

(5)

From the above discussion, we define asmooth evacuation
which is a natural dynamic flow without blocking as follows.
Intuitively speaking, a smooth evacuation satisfies the following
two properties:
(i) Blocking at intermediate vertices is not allowed.

(ii) For each vertexv and time stepθ, the number of supplies
of v going out fromv at time stepθ is the minimum ofP

e∈δ+(v) c(e) and the supplies remaining atv.
The property (i) means that people can “smoothly” evacuate
without any intermediate blocking. The property (ii) means that
people do not yield to those from behind.

Here we give a formal definition of a smooth evacuation. For
v ∈ V , let c(v) =

P
e∈δ+(v) c(e). We defineg : V × Z+ → R+

as follows:

g(v, θ) =

8
<
:

c(v), if θ ≤ t∗(v)

b(v)− t∗(v) · c(v), if θ = t∗(v) + 1

0, if θ > t∗(v) + 1

where

t∗(v) =

—
b(v)

c(v)

�
.

A smooth evacuation is a feasible dynamic network flowf which
satisfies the following property (1) for everyv ∈ V −s andθ ∈ Z+

instead of (1).
X

e∈δ+(v)

f(e, θ)−
X

e∈δ−(v)

f(e, θ − τ(e)) = g(v, θ). (6)

In this section, we give the necessary and sufficient condition
such that there exists a smooth evacuation in a dynamic network
with uniform path-lengths. The uniform path-lengths property is
that for each vertexv 6= s, the sum of transit times of arcs on any
path fromv to s takes the same value. The class of a dynamic
network with uniform path lengths include a tree, a grid network
with uniform transit time.

From here, we assume thatN is a dynamic network with
uniform path-lengths. Here we introduce necessary notations. For
W ⊆ V , let D[W ] denote the directed subgraph ofD induced
by W . For eachv ∈ V , we definelv as the length of a path
from v to s. Let us arrange the distinct values in{lv : v ∈ V } as
L1 < · · · < Lk whereL1 = 0 andk is the number of the distinct
path-lengths tos in N , i.e., |{lv : v ∈ V }|. We say a vertexv
is at level i when lv = Li, which is denoted bylev(v) = i.
Letting T ∈ Z+ be a sufficient large number which is more than
the optimal value ofEP(N ) and Lk+1 = T + 1, we partition
interval [0, T ] into I1, I2, . . . , Ik such thatIi = [Li, Li+1− 1] for
i = 1, . . . , k. For i = 1, . . . , k, let V≤i = {v ∈ V : lev(v) ≤ i}.
For example, forN with T = 7 in Figure 1(a), we obtain
(ls, lw, lu, lv) = (0, 1, 3, 6). Thus, we havek = 4 and I1 =

{0}, I2 = {1, 2}, I3 = {3, 4, 5}, I4 = {6, 7}.

Theorem 1 There exists a smooth evacuation in a dynamic
network with uniform path-lengthsN if and only if for every
i = 1, . . . , k, a static networkN̂i = (D[V≤i], ci, bi, s) is feasible
whereci is a restriction ofc on arcs inD[V≤i] andbi is defined
for v ∈ V≤i as follows:

bi(v) = g(v, Li − lv).

Proof: We first remark thatg(v, Li − lv) represents the
amount of the supply ofv which has to reachs at time step
Li for each i = 1, . . . , k and v ∈ V≤i. Since lv is the length
of a path fromv to s and a smooth evacuation does not allow
blocking, the supply ofv which starts fromv at time stepLi− lv
reaches tos at time stepLi.

To prove the theorem, we first show an important property
concerning the time-expanded networkN (T ) of a dynamic net-
work with uniform path-lengths. As was shown in [7] and [11],
the time-expanded network of a dynamic network with uniform
path-lengths haslayered structure. More formally,

(L0) N (T ) consists ofT components such that for anyθ ∈
{0, 1, . . . , T}, the θ-th component is isomorphic toD[V≤i]
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where θ ∈ Ii. And, the capacity of an arce in the θ-th
component is equal toc(e).

(L1) Consecutive components are connected by holdover arcs.
For example, the time-expanded network ofN is illustrated in
Figure 1(a). That is, the static network in Figure 4 is equal to
that in Figure 1(b) (notice that we remove vertices which are not
reachable tos and arcs incident to them from the network in
Figure 1(b)).
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Fig. 4. Layered structure ofN (T ).

Thus, a smooth evacuation inN is equivalent to a feasible
static flowf in a static networkeN (T ) obtained by transforming
N (T ) as follows:
• Remove holdover arcs in{vivi+1 : v ∈ V −s, i = 1, . . . , T −

1} from N (T ) (see Figure 5).
• Change the supply ofv from b(v) to g(v, θ) for v ∈ V and

θ = 0, . . . , T (see Figure 5).
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Fig. 5. eN (7) for N (7) in Figure 4.

We denote byeD andeb the underlying graph and the supply
function of eN (T ), respectively. Forθ = 1, . . . , T , let eDθ be
the underlying graph of theθ-th component. For example, in
Figure 5, eD4 = eD[{s4, w3, u2}]. Furthermore, forθ = 1, . . . , T

let eNθ = ( eDθ,ecθ,ebθ, sθ) where ecθ and ebθ are restriction ofc
andeb on eDθ. Since (L0) clearly holds foreN (T ) and there exist
holdover arcs only between copies ofs, eN (T ) is feasible if and
only if eNθ is feasible for everyθ = 1, . . . , T . For example, in
eN (7) of Figure 5, we consider the networkseN0, eN1, . . . , eN7,

separately whose underlying graphs areeD[s0], eD[{s1, w0}],
eD[{s2, w1}], eD[{s3, w2, u0}], eD[{s4, w3, u1}], eD[{s5, w4, u2}],
eD[{s6, w5, u3, v0}], eD[{s7, w6, u4, v1}].

Sinceeb(vθ) is non-increasing inθ and the underlying graph of
theθ-th component is isomorphic toD[V≤i] for i = 1, . . . , k with
θ ∈ Ii from (L0) (see Figure 4), if there exist feasible flows in
eNLi

for all i = 1, . . . , k, there exist feasible flows ineNθ for all
θ ∈ Ii. For example, in Figure 5, we need to consider onlyeN0,
eN1, eN3, and eN6.

From the definition of the time-expanded network, we can see
that vLi−lv is contained in eNLi

for i = 1, . . . , k and v ∈ V≤i.
Recalling thateb(vθ) = g(v, θ) for v ∈ V and θ = 1, . . . , T ,
ebi = bi holds. Thus, fromeDLi

is isomorphic toD[V≤i], the
theorem follows.

Notice that Theorem 1 holds for only uniform path-lengths
case. Here we show that Theorem 1 does not always hold for
the general case. For a general dynamic network i.e., a dynamic
network which does not satisfy the uniform path-lengths condition
N and a vertexv of N , let lv be the length of a shortest path
from v to a sink s. Given a dynamic networkN illustrated in
Figure 6,N satisfies the condition of Theorem 1. HoweverN
does not have a smooth evacuation. Figure 7 shows the time-
expanded networkN (7). The supply ofv must wait at time step
0, or must be blockedw at time step5.
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(2; 1)

1

0

15
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Fig. 6. Input dynamic networkN .
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Fig. 7. Time-expanded networkN (7).

If there exists no smooth evacuation in a given network, we
must transform the network so as to have a smooth evacuation.
One approach is to augment transit times of several arcs, i.e. to
make abuffer by making supplies take a detour. For example,
in the network of Figure 3, we can transform this network so
as to have a smooth evacuation by augmenting the transit time
of an arc wv by one (see Figure 8). It is clear that if we

(3; 1)6 7

w v s

(2; 2)

Fig. 8. Transformed network.

augment transit times of all arcs long enough, the network has
a smooth evacuation. However, we want to minimize the total
augmentation. This leads to the following optimization problem:

SMOOTH EVACUATION PROBLEM

Input Dynamic networkN .
Output Minimum value of sum of augmentation

such thatN has a smooth evacuation.

The existence of an efficient algorithm for this optimization
problem including the uniform path-lengths case is open.

V. EVACUATION PATH PROBLEM

In the evacuation problem, we do not restrict paths from
vertices to a sink. Thus, in an optimal solution, the path that
supplies from a vertex to a sinks follow may not be unique.
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However, it is desirable for the evacuation guidance that all the
supplies at the same vertex flow through the same path to a
sink. We call this problem theevacuation path problem, i.e, the
evacuation problem under the constraint such that for each vertex
v ∈ V , all the supplies ofv take the same path formv to s.
If only one vertex has a positive supply, this problem is called
the quickest path problem, and has been widely studied. For the
quickest path problem,O(m2 + mn log n) time algorithms are
independently presented by Chin et al. [4], Rosen et al. [15],
and Martins et al. [14] wheren and m denote |V | and |A|,
respectively. As for space complexity, the algorithm of [4] has
to store the network whose size is equal toO(m(n + m)), where
the two other algorithms requireO(n + m). Furthermore, Chen
et al. [3] and Lee et al. [12] independently presented algorithms
to determine the quickest path for any two vertices inO(log m)

time, usingO(mn2) preprocessing time. However, to the best of
our knowledge, the evacuation path problem has not been studied.

A. Definition of Evacuation Path Problem

Here we formally define theevacuation path problemfor a
dynamic networkN = (D = (V, A), c, τ, b, s). Given a pathpv

from v to s for eachv ∈ V − s, we define a dynamic network
flow fv : A× Z+ → R+ in N as follows. Forv ∈ V − s, e ∈ A,
andθ ∈ Z+, we denote byfv(e, θ) the amount of flow of supplies
of v entering the tail ofe at the time stepθ. In this section, we
call f feasiblein N if it satisfies the following four conditions,
i.e., path constraint, capacity constraint, flow conservation, and
demand constraint.
Path constraint: For anyv ∈ V − s, e ∈ A which pv does not
use, andθ ∈ Z+,

fv(e, θ) = 0.

Capacity constraint: For anye ∈ A andθ ∈ Z+,

0 ≤
X

v∈V−s

fv(e, θ) ≤ c(e).

Flow conservation: For anyv, w ∈ V − s andΘ ∈ Z+,

X

e∈δ+(v)

ΘX

θ=0

fw(e, θ)−
X

e∈δ−(v)

Θ−τ(e)X

θ=0

fw(e, θ) ≤


b(v), if v = w,
0, if v 6= w.

Demand constraint: There existsΘ ∈ Z+ such that

X

e∈δ−(s)

Θ−τ(e)X

θ=0

X

v∈V

fv(e, θ) =
X

v∈V

b(v). (7)

Letting P = {pv : v ∈ V − s} and F(N , P ) be the set of all
feasible flows,Θ(f) denotes the minimum time stepΘ satisfying
(7) for f ∈ F(N , P ). LetP be the family of all sets of paths from
eachv ∈ V to s. Given a dynamic networkN , the evacuation
path problemEPP(N ) is formally defined as follows.

EPP : minimize{Θ(f) : f ∈ F(N , P ), P ∈ P}. (8)

B. Intractability of the Evacuation Path Problem

First, we show that the decision version ofEPP(N ) is NP-
hard where the decision version ofEPP(N ) for T ∈ Z+ asks
whether there existsP ∈ P such that there existsf ∈ F(N , P )

with Θ(f) ≤ T .

Theorem 2 The decision version ofEPP(N ) is NP-hard.

Proof: We prove the theorem by showing that any instance
of an well-knownNP-complete problemPARTITION can be
reduced to an instance of the decision version ofEPP(N ).

PARTITION

Instance K = {a1, a2, . . . , ap} ⊆ Z+

Question Is thereK′ ⊆ K such that
P

ai∈K′ ai =
P

ai∈K−K′ ai?

We construct the dynamic networkN = (D = (V, A), c, τ, b, s)

to which an instance ofPARTITION is reduced as follows. Let
V be the union ofL1 = {v1, . . . , vp} and L2 = {w1, w2} and
{s}. Let A be the union of{viwj : i = 1, . . . , p, j = 1, 2} and
{wjs : j = 1, 2} (see Figure 9). For everye ∈ A, we define
c(e) = 1 andτ(e) = 0. For vi ∈ L1, let b(vi) = ai, and letb(w1)

and b(w2) be equal to zero.

s

w1 w2

v1 v2

L1

L2

vp

Fig. 9. Arcs betweenL1 andL2 (resp.L2 ands) are directed to fromL1

to L2 (resp. fromL2 to s).

For everyv ∈ L1, pv has to use one ofw1s and w2s. Given
P ∈ P , let V1 ⊆ V (resp.V2 ⊆ V ) be the set ofv ∈ L1 such
that pv usesw1s (resp.w2s). In this case, it is easy to see that
Θ(f) = max{Pvi∈V1

ai,
P

vi∈V2
ai} − 1 for any f ∈ F(N , P ).

Thus, lettingT = (
P

ai∈A ai)/2− 1, it is clear thatΘ(f) ≤ T if
and only if the answer ofPARTITION is “yes”.

From this theorem, we can see thatEPP(N ) isNP-hard. Thus,
the next approach is to devise an approximation algorithm for
this problem. How aboutgreedy algorithm? That is, for eachv ∈
V − s, we first solve the quickest path problem, i.e.,EPP(N )

with b(w) = 0 for everyw ∈ V −v. After this, we solveEPP(N )

such that we are given paths which are computed in the first
step for allv ∈ V − s. However, the approximation ratio of this
greedy algorithm isΩ(n) wheren is the number of vertices in
given network. Figure 10 shows the worst case instance. The
vertex set of this worst case instanceN is the union of{s, w}
and L = {v1, . . . , vn−2}. The arc set is the union of{ws} and
A1 = {viw : i = 1, . . . , n− 2} andA2 = {vis : i = 1, . . . , n− 2}
(see Figure 10). The supply of vertex inL is equal to one, and
that of w is equal to zero. The capacity of every arc is equal
to one. The transit time of every arc inA1 ∪ {ws} is zero, and
that of every arc inA2 is one. The supply of every vertex inL
is equal to one, and that ofw is zero. In this instance, for each
v ∈ L, the quickest path usesvw andws. Thus, the value of the
greedy algorithm isn−2. However, the optimal value ofEPP(N )

is obtained when a path for only one vertexv ∈ L usesvw and
ws, and a path for everyw ∈ L− v usesws. Hence the optimal
value ofEPP(N ) is equal to one. Thus, the approximation ratio
of this greedy algorithm isΩ(n).

However, in the next subsection, we show that for the instance
which have a grid structure and whose vertex size is small, the
greedy algorithm gives a good solution.
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s

w

v1 v2 vnà3 vnà2
L

Fig. 10. Worst case instance.

C. Numerical example

In this subsection, we solveEEP(N ) by formulating this
problem as a mixed integer programming. In this formulation,
letting T be the upper bound of the optimal value, we use

minimize
X

e∈δ−(s)

X

t∈{0,...,T−τ(e)}
t · f(e, t− τ(e)) (9)

as an objective function instead of (8) since these two objectives
are equivalent [9]. (9) represents the minimization of the total
time of evacuation.

We choose a4× 4 grid network as an input instance since an
instance of a5 × 5 grid network can not be solved in an hour.
Moreover, we generate eight instances by changing capacities and
transit times and supplies between one to ten.

We have done two experiments. In the first experiment, we
solve a mixed integer programming, i.e., compute the optimal
value. In the other experiment, we use the greedy algorithm
described in the previous subsection. To solve a mixed integer pro-
gramming, we used GLPK(GNU Linear Programming Kit) [2].
Furthermore, we wrote by C++ the code to find a quickest path for
each vertex. These experiments were done on a PC with a Anthlon
64 2.00 GHz with 960 MB memory. Table II shows the results of
this experiment. In this table, “opt” represents the optimal value,
and “time” represents the runtime in seconds spent to solve the
problem. Moreover, “value” represents the objective value which
the greedy algorithm found. Notice that for “Greedy”, although
“time” does not contain the time spent to find a quickest path for
all vertices, this time is no more than one second, and hence it
is negligible.

TABLE II

RESULT OF EXPERIMENT.

Optimal Greedy
No. opt time value time
1 878 567 888 3
2 1429 171 1513 6
3 635 29 635 1
4 1111 103 1130 3
5 1212 503 1271 5
6 1583 198 1694 2
7 1191 3104 1233 4
8 1723 3444 1862 6

As shown in Table II, in small size grid networks, the greedy
algorithm can find a good solution. Moreover, the greedy algo-
rithm can solve larger instance than those which we consider and
this algorithm is very fast. Thus, in practical situation, the greedy
algorithm is very useful.

VI. CONCLUSION AND FUTURE WORK

In this paper, we presented the results of the trade-off between
computational complexity and the accuracy of model through

numerical examples arising from real data. Moreover, we studied
the evacuation problem with several other features from the
viewpoint of actual evacuation planning.

There is one more issue that we have not dealt with in this
paper which is important from the viewpoint of actual evacuation
planning. That is the difference of the transition speed depending
on people. In the conventional model, each arc is given a single
transit time. In the model taking the difference of the speed of
people, there exist multicommodities in the network, and arcs
have to be given several transit times for each commodity.
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