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Abstract— We present a new matrix-free method for the
computation of the negative curvature direction in large
scale unconstrained problems. We describe a curvilinear
method which uses a combination of a quasi-Newton direc-
tion and a negative curvature direction. We propose an al-
gorithm for the computation of the search directions which
uses information of two specific L-BFGS matrices in such a
way that avoids both the calculation and the storage of the
approximate Hessian. Explicit forms for the eigenpair that
corresponds to the most negative eigenvalue of the approx-
imate Hessian are also presented. Numerical results show
that the proposed approach is promising.
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I. INTRODUCTION

We consider the following large scale unconstrained op-
timization problem

min{f(z) | z € R"}, (1)

where f : R®" — R is twice continuously differentiable,
while the dimension n is more than one thousand. There
exist two principal classes for solving (1), namely, line
search and trust region methods [16]. The method de-
scribed in this work belongs to the class of linesearch pro-
cedures; in particular, we consider an iterative scheme of
the form

o = { (2)

where xj. is the current estimate of the minimum, p; and
dy, are the pair of directions and «ay, is a step size chosen so
that at least f(2g4+1) < f(zx). The direction p is a Newton-
type direction, while the direction d is called a direction
of negative curvature and is related to the eigenvector that
corresponds to the most negative eigenvalue of the Hessian.

One of the first proposals for the use of the negative cur-
vature direction is that of Fiacco and McCormick [8]. In
1977, McCormick [12] showed how a modification of the
Armijio ’s rule [1] could be used to include cases where
second derivative information is used, in particular when
the Hessian matrix is not positive semi-definite. Moré and
Sorensen [13] and Goldfarb [9] have proposed a similar ap-
proach along a curve of the form

C={z(a) 1 2(a) =+ d1(a)p+ 2(a)d, = 0} (3)
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Tk + agpk, when V2 f(x) > 0;
T + aipk + apdy, otherwise,

with ¢1(0) = ¢2(0) = 0. In [13], the functions ¢; and ¢o are
#1(a) = o? and ¢(a) = a, and therefore the curvilinear
path (3) leads to iterations of the form

Tpt1 = Tp + appr + agdy, o > 0.

However, in [9] the functions ¢; and ¢5 are ¢ (o) = o and
#2(a) = o2, thus the curvilinear path is of the form

Tht1 = Tk + QP + a%dlﬁ a > 0.

The main disadvantage of these methods is the calcula-
tion and the storage of the Hessian matrix which requires
an additional n(n + 1)/2 locations of core. Furthermore,
both the eigenvalues of the Hessian and the eigenvector
corresponding to the most negative eigenvalue have to be
calculated, for determining the negative curvature direc-
tion. This computation requires the factorization and the
storage of a matrix. Therefore, the large dimensions make
the computation of both the Hessian matrix and the nega-
tive curvature direction very costly.

The aim of this work is to avoid both the computation
and the storage of the Hessian matrix and to produce a di-
rection of negative curvature with an inexpensive way, that
can be applied in very large problems. To this end, we uti-
lize a specific limited memory BFGS method for the com-
putation of an approximate Hessian matrix. The BFGS
update is applied to an initial diagonal matrix B(®) using
information from the m = 2 previous iterations. Each step
of this method updates By by means of the BFGS formula

Bksks{Bk

S{Bksk

T
k
Bjy1 = By, — Uk (4)
Sk Yk

using the vector pair {sy,yx}, where s = 41 — x5 and
yr = Vf(xk+1)—V f(xr). The inverse of Byy1 [15] denoted
by Hy+1, is of the form

Hypy1 = Hg —

Hyyrst + seyi Hy n [1 (5)

yF Hyyr | sksi
sty

T T )
S Yk Sk Yk

The resulting approximation, give us the ability to deter-
mine analytically the eigenvalues of B and the inverse of
B — \I, A € R, via simple formulas. Therefore, the eigen-
vector that corresponds to the most negative eigenvalue
of B is computed by applying a single step of the inverse
power method [2], [11], [19]. Thus, the computation of the
search directions is obtained by performing a sequence of
inner products and vector summations.

Notation. Throughout the paper ||| denotes the Euclid-
ean norm. The gradient of f is denoted by g while a ma-
trix A is indicated that is positive semi-definite by A > 0.
Moreover, the L-BFGS matrices are denoted by B() and
HW for m =1, and by B® and H®, for m = 2.



II. PRELIMINARIES

For the remainder of this work we will assume that the
following regularity properties hold for problem (1) and the
initial point zg € R™.

Assumption 1: Thelevel set Q = {z € R"|f(z) < f(xo)}
is compact.

Assumption 2: The objective function f has second or-

der derivatives that are Lipschitz continuous on an open
set that contains €.
Under Assumptions 1 and 2 it is possible to construct a
local quadratic model for the objective function f from the
corresponding Taylor series expansion at all iterates zj, € Q)
as

1
ar(p) =~ fu + gl p+ §pTka

where By, is an positive definite L-BFGS updated approx-
imate Hessian matrix. Hence, the quasi-Newton direction
pr can be computed by the formula

-

while the negative curvature direction dj is related with the
unit eigenvector uy that corresponds to the most negative
eigenvalue of By and is obtained by the form

B, 'gr, if By > 0;
—9k;» otherwise,

dr = 07 Bk+1 > 0 ;
¥\ —sgn(ulgr)ur, otherwise.

Both directions must be descent directions.
Definition 1: A pair of directions (p, d) is called a descent
pair at a point x where f(x) is twice differentiable, if

pIVf(x) <0, d'Vf(z)<0 and d'V?f(z)d=0,

when V2f(x) > 0, and

pIVf(x) <0, d'Vf(z)<0 and d'V2f(x)d <0,
otherwise.
From a more practical point of view, in a given iterate xy,
the pair (pg, di) is assumed to be a sufficient descent pair
of directions if the directions {py} and {dj} are bounded
and satisfy the following conditions:

Condition 1: ggpk =0 implies gy =0 and pr =0

Condition 2: g,fpk — 0 implies gy — 0 and pr — 0

Condition 3: dekdk — 0 implies min(A;,0) — 0 and
dy, — 0, where \; is the smallest eigenvalue of By.
Conditions 1 and 2 are the standard ones for Newton-type
directions. They ensure that the pp # 0 and g # 0 are
not, orthogonal and do not become nearly so too rapidly.
Condition 3 ensures that dj contains information related
to the smallest eigenvalue of the approximate Hessian.

III. UPDATING THE APPROXIMATE HESSIAN

The computation of the matrix B ~ V2f(x) is accom-

plished using the L-BFGS philosophy with m = 2. De-

(0)

noting by B;,’ and H Igo) the initial matrices, the matrices

Bj+1 and Hpyq are updated using B,EO) = (1/60x)I and

H lgo) = 0iI, 0 € R, respectively. More analytically, for
k > 2, the matrix Bg41 in Eq. (4) is updated using the
matrix By defined by

T
Yk—1Y5_1
T b
Sp—1Yk—1

T
1 Sk—1Sj,_1
By=—I———
Gk Gkskflsk_l

(6)

while its inverse, Hyy1 in Eq. (5), is updated by the matrix

T T
Yk—1Sp_1 T Sk—1Yp_1

H, = 6xI—0

S%;lykfl
T T
—1Yk— Sk—15k_
1+9ky§1 1y 1 - 19k 1‘ (7)
Sp—1Yk—1 | Sp_1Yk—1

Thus, the matrices By and Hj are computed by apply-
ing the 1-BFGS update on B](go) and H,EO) (the set of vec-
tor pairs contains one pair {(sg—1,yx—1)}). Consequently,
Bi11 and Hy 1 are computed by applying the 2-BFGS up-
date on B,(CO) and H Igo) (the set of vector pairs contains two
pairs, {(sk—1,Yk—1), (K, Yx)})-

Motivated by the work of Barzilai and Borwein [3] and
Birgin and Martinez [4], we use the scalar parameter

T
O = =t ®)
Sp—1Yk—1

for scaling the initial matrix. This parameter is the inverse
of the Rayleigh quotient s” Gs/s”'s, which lies between the
largest and the smallest eigenvalues of the average Hessian
G. Rigorous analysis of methods exclusively based on this

approximation may be found in [5], [17], [18].
It is known [16] that the determinant and the trace of
BFGS matrices are given by the formulas det(By41) =

sEyg Bysi||® A2
det(By) 42 and tr(Bia) = tr(By) — Lyl 4 Il
When Byi1 = B,(igl, its determinant is expressed as
1y _ 1
det(Bk+1) — on ) (9)
k+1
while its trace is given by
+n—2
tr(BWy = T T2 10
r( k+1) 01 (10)
where
y{yk
ag =1+ Op 17— (11)
Sk Yk
Observing the updating scheme, we can see that BJ(CO+)1 is
updated by the addition of two rank-one matrices. The

following lemma, due to Wilkinson [20, pp. 94-98], states
that the eigenvalues of a matrix which is updated by a rank-
one matrix, interlace with the eigenvalues of the original
matrix.

Lemma 1: If symmetric matrices A and A* differ by a
matrix of rank-one, then their eigenvalues A and \* in-
terpolate each other in a week sense. In particular, if
A* = A+ ovv”, where o is scalar,

An > An1>...> A and AL > A5, >...> )\, then



(Dif o220, A=A 2 M 1> 1 >... 22>\
(2)if o<0, A >N > A1 2N 12> 2 > A
We next give the general form of the characteristic poly-

nomial of B,(igl, and show that the extreme eigenvalues of

B 1(621 are distinct.

Lemma 2: Let the symmetric matrix B,(i:l e R™»*™,
1)

Then, the characteristic polynomial of B/, has the gen-
eral form
1 .- ag
1A = (A= )" 2N = At ). (12)
Ok+1 Or+1 0511

Moreover, if a; > 2, then Ay < 1/0x41 < A, where )y

and )\, are the smallest and largest eigenvalues of Bl(:jl,
respectively.

Proof:  First we show that Bl(igl has at most two
distinct eigenvalues. To this end, we consider the matrix
B = (1/0341)I — sist [0k 18 s, with rank (n —1). Us-
ing Lemma 1, it is easy to see that B besides the zero
eigenvalue, has one more eigenvalue equals to 1/60p11 of
multiplicity (n — 1). If B, is positive definite, then the

addition of the term yiyf /sty on B yields (cf. Lemma 1)

1
Or11

1
> >\ >

1
>\B > >
Ok+1

\B >
" T Ok

>\ >0

otherwise,

1
Or11

>...> N> 0;1

1
>

> \B
- I

0>A8> B > A7

In both cases, it is obvious that A2 | = ... = \F = 1/0,, 4,
and consequently,

AP > 1/0ks1 > AL (13)
Relation (13) implies that B,(Clle has at most two distinct
eigenvalues and one eigenvalue equals to 1/605; of multi-
plicity at least (n — 2). Denoting by A; and As the two
unknown distinct eigenvalues, we yield that

ALA n—2
det(BLY,) = 9;_;, and  tr(ByY,) = A1+ Ao + o
k+1 k+1

From Egs. (9) and (10) we obtain A Ay = 1/67, , while
A1+ A2 = ar + 2/0k+1. Consequently, the characteristic
polynomial of B,(igl has the form

pr(A) = (A = 1/0,1)" 2 [A2 = (A1 + A2)A + M As)

and relation (12) follows immediately.
Note that the parameter aj is bounded from below by 2,
since

T 2 2
Yi Yk sk lI*llye | 1
ap=1+10 =1+ =1+ >2
’ Ty (skyn)? o _(1:1)

where w is the angle between the vectors s, and y. If
ap = 2, then the characteristic polynomial is reduced to

p1(A) = (A= 1/0541)"; thus BYY, = (1/6,41)1 = BY),. In
different case (i.e., ax > 2), the characteristic polynomial
becomes p1(A) = (A — 1/0x11)""2(A — A1) (A — A2), where
the eigenvalues

\ ap £+/ai —4
12= ——F7—

20541

are distinct. From inequalities (13) follows that
min (A1, A2) < 1/0k+1 < max (A1, A2). Therefore, the ex-
treme eigenvalues are distinct. |

Remark 1: The scalar parameter a; plays an important
role in the updating process. In particular, if it happens
that a; = 2, relation (14) implies that sp = Op11yx, i.-e.,
sk and yy are collinear. In this case, B,(iH is reduced to a
scaled unit matrix.

When Byi, = B,(fgl, the approximate Hessian con-
tains curvature information from the two previous iter-
ations, i.e., the vector set of pairs contains the pairs
{(Sk=1,Yk-1), (Sk,yx)}. The updated matrix B,(jzl is given
by

@ _ po BUssIBY oyl
By fy = By, ) T (15)
st By s Si. Yk
where B,il) is defined in Eq. (6). The inverse of B,(jzl can
be expressed by
1
g o Bl usl sl
k+1 k T
yTH(l)yk SkST
14 Ek =, (16)
Sk Yk St Yk

where H ,gl) is calculated by means of Eq. (7). In order to
simplify the notations, we set

T
Y Wk

—
Sk Yk

wk:Hlil)yk and b, =1+

Thus, the expression of H 1&?1

simpler form

is reduced to the following

sksf

T
Sk Yk

wksz + skwkT

T
SL Yk

O — g

k+1 = (17)

Taking into account Egs. (9) and (10), it is straightforward

to compute the determinant and the trace of B,(jzl. The
computation yields
1 siyk
et (B2,) = L —sku 1s)
k+1 0”2, S%‘Bl({l)sk
and
@ _aitn=2  [BVs® [l
tr (B,) = - e L (19)
Ok SgBk Sk S Yk

Lemma 3: The characteristic polynomial of Bl(f_gl has

the general form



n—4
p2(A) = ()\ - é) (A* = B3A® + B2BoA? — B1Bor + Bo), (20)
where
fo = kb

o szlil)sk’

sfwk
T

Br = (ar—1+2)0p —2 + b0 11,
Sk Yk
2 S,{’wk 2
B = Or(B1—ar—10k)(ax—1 +2) —20; + | %
LYk
0 wgwk S%H,gl)wk b ng,gl)sk
—Uk+1—F T — Ok T , and
Sk Yk Sk Yk Sk Yk
1
_owat2 BYsi? el
/83 - - &) T . (21)
Ok SgBk Sk Si Yk
Proof: We first show that B,(ci)l has at most four dis-

tinct eigenvalues. Without loss of generality, we assume

that B,(Cl) and B,(jzl are positive definite matrices (in dif-

ferent case, the proof follows by similar arguments). Let

)\?(1) and )\? be the eigenvalues of B,(fl) and
5_ g B st B
B=By ————w.
sgBk Sk
. . B B
respectively.  Since A5 = ... = AJ.; = 1/bk, by

Lemma 1 we have that

ABY s> NB> S 3\B > >
- 0, — " — 0, —
1 — —
> 22 27
YKL .
The addition of the term == k. to the matrix B yields
Sk Yk
5 1
AB® > AB > p\BY) > 2
k

1
>
= 5 2
B® . (2)
where A\;”° are the eigenvalues of B;7/,.
equalities imply that

The above in-

AP AP > 10, > ABY > ABY (22)

and thus, the matrix Bl(€2+)1 has at most four distinct eigen-

values. If we denote by A1, Az, A3 and A4 the four unknown

eigenvalues, the characteristic polynomial of B ,(jr)l takes the
form

p2(N) = (A= 1/0)" " (A = e3A® + 202 — 1A + @),

2oia Aidj, =
4 1<j
and co = [[_1 M,

4
where ¢3 = > N, ¢ =

S e AidjAe,

i<j<e

and moreover,

[T A = det (B, ) 077 and T, A = o (BEL) -
"a—’k‘l. Utilizing Eqgs. (18) and (19) as well as the fact that the

eigenvalues of B® and H ,22)1 are inverses of each other,

k+1 +
after some algebraic manipulations, we yield the expression
in Eq. (20) with the parameters in Egs. (21). [ ]

In case where 31(31 has four distinct eigenvalues, these can

be computed by analytically solving the quartic equation
A= B33 + B2 oA — B1Bo A+ Bo = 0, using standard meth-
ods [6], [7]. However, the exact number of the distinct
eigenvalues is strongly depends on the way the vector pairs
(si,y;) in the vector set are related. The following proposi-
tion establishes sufficient conditions for the exact number
of distinct eigenvalues.
Proposition 1: Let the symmetric matrix B,(i)l e Rnxn
as defined in Eq. (15).
1. If a1 = 2 then Bl(jzl
values. Moreover,
(a) if ar > 2, then two distinct eigenvalues exist,
(b) if ar, = 2 and 0y # 041, then only one distinct eigen-
value exists, and
(c) if ar, = 2 and 6y = 041, then all the eigenvalues are
equal to 1/6y.
2. If ap_1 > 2, then 31(5-21 has at least three distinct eigen-
values. Moreover,
(a) if ar = 2, then only three distinct eigenvalues exist,
and
(b) if ag > 2, then only four distinct eigenvalues exist.
Proof:  Assume that ar_1; = 2. Then, in Lemma 2
we have proved that, in this case, B,(cl) = (1/6x)I. Conse-

quently, B,(f_gl has the following form

has at most two distinct eigen-

Ykyr
sgyk

kt+1 Qk Qk s;‘:sk

1 1 spsi
B(2) SkSk ; (23)

while its characteristic polynomial becomes

1\" 2 ar—1 1 1
pgz\:(A——) [A%( +—),\+ } 24
@) O Okt1 O 0rO0kt1 24)

In view of Eq. (24), it follows immediately that B,(jr)l has at

most two distinct eigenvalues. Consider now the quadratic
; 2 -1 1 1 .

equation A\ — (‘Q’ZH + 97) A+ B = 0, which has the

following two solutions

Op+1+ 0k (ar, — 1)
2010k 41
V(O = 0r41)2 + 0k (ar — 2)(arOk + 20541)
2010141

Al

+

Let ai, > 2 and suppose that either A; or Ay equals to 1/6.
Solving the equations A; — 1/6; = 0 with respect to ay we
obtain a; = 2, which is a contradiction. Thus, when a; >
2 the matrix has exactly two distinct eigenvalues. When
ay, = 2, the characteristic polynomial becomes pa(A) = (A—
1/60)" Y (A —1/0141). Therefore, in case where 6, # 01,
the only distinct eigenvalue is 1/6)41; otherwise B,(jr)l does
not have distinct eigenvalues.



Assume now that ap_1 > 2. In this case, B,(Cl) has

two distinct eigenvalues. Thus, the matrix B = B,(Cl) —
(1), T 1)
% besides the zero eigenvalue, has two more dis-
Sk Pr Sk
tinct eigenvalues. Consequently, B,(jzl has at least three
distinct eigenvalues. If ap = 2, then s, = 011y, and B,(jzl

becomes

o Byl B

T
YkYi
1 =By,

Or+197 ur

2)
+

Bt (25)

1
yE By

_ 1 BV, T M
Hence, B = B,(C ) _ By ki By Ty"?f) k
Y By Uk

tion of yryf /Or+1yF yx changes the zero eigenvalue of B to

, and therefore, the addi-

1/60k+1 and leaves the others unchanged. Thus, B,(i)l has
as many distinct eigenvalues as B, i.e., three. Since one

of them is 1/041, utilizing Lemma 3, the characteristic

polynomial of B,ggl becomes

p2(N) = (A= 1/0)" "2 (A= 1/0641) (A2 — 1A + ¢2),

ar-1/0 = 1Byl 2/yE By and e =
y,{yk/(HﬁHkHyEB,gl)yk). By solving the quadratic equa-
tion A2 — ;A + ¢ = 0, we obtain the other two distinct
eigenvalues. Finally, if ax > 2, then yj is not an eigenvec-

_ O, T 1)
tor of B = B,gl) — M, and thus, the addition of

where ¢; =

szB,(cl)sk
the term yyyl /sTys results one more distinct eigenvalue
(2)
for B,/ |

Lemma 4: If B,Szl has at least two distinct eigenvalues,
then

A< 1/9k < An, (26)

where A\; and A, are the smallest and largest eigenvalues

of BY),,

Proof: When B,(jzl has at least three distinct eigen-
values, from relation (22) it is evident that (26) holds. Now,

if B](Ci)l has two distinct eigenvalues, then one pair of the
vector set {(Sk—1,Yk—1), (Sk,yr)} must be collinear. Due
to Proposition (1), these two vectors are sx_1 and yg_1,
which implies that B,(Cl) has no distinct eigenvalues. Under
these circumstances, Lemma 1 implies relation (26), which

completes the proof. [ ]

respectively.

IV. COMPUTATION OF THE DESCENT PAIR OF
DIRECTIONS

The descent pair of directions used on the curvilinear
scheme (2) consists of the quasi-Newton direction p defined

as
_H(M)ngrl B(m) >0
Pht1 = B1SETD Tkt = 70 (27)
—Gk+1, otherwise.
and the direction of negative curvature defined as
(m) )
dy = 07 T Bk-i—l Z 0 ) (28)
—sgn(uy, gr)uk, otherwise,

where uj is a normalized vector that corresponds to the
most negative eigenvalue of B(™).

The quasi-Newton direction is obtained by the L-BFGS
formula, for m = 1,2. The resulting direction is

T
Sk9ktl g

T
S Yk

T

Y 9k+1

1 kT + Sk
SiL Yk

—Okr19K+1 — (ak

Sggk-%—l £ —1-
+0p 41 "y, or m = 1;
Pyl = Sk Yk
T T
1 wi g —bpsi g
_H}i )gk+1 4 Wk Gk+1 bk Gkt1 o
Si Yk
S{Qk#»l fi =92
+ka, orm =2,
k
(29)

where the matrix-vector product H ,51) gk+1 is computed as
in the case where m = 1.

For being able to calculate the second direction, i.e., the
eigenvector that corresponds to the most negative eigen-
value, we make use of the inverse power method.

Given a non-zero starting vector u(?), inverse iteration
generates a sequence of vectors u(¥), generated recursively
by the formula

u® = (B(m) B ;\I)—l w=1)

lul=D]”

i > 1, where A=A+ €, A is a distinct eigenvalue of B(™)
and € — 0. The sequence of iterates u(?) converges to an
eigenvector associated with an eigenvalue closest to A\. Usu-
ally, the starting vector u(®) is chosen to be (1,1,...,1)7.
Moreover, if this particular eigenvalue A is known exactly,
this method converges in a single iteration [11].

Since the smallest eigenvalue \; of B(™ is known ex-
actly, if it is also a distinct eigenvalue, using the inverse
iteration, we can find the analytical form for the corre-
sponding eigenvector.

Proposition 2: Let the symmetric matrix B,(CT)I e Rnxm,

If the extreme eigenvalues of B,(gf)l are distinct, then the
unit eigenvector corresponding to the most negative eigen-

value \; is of the form

Uk+1 =

2m—1 .
B 4 ST (1™ () (B } —
) ; e () v (3)u]
A (30)
where A = A\; +¢, ¢ — 0, u = (1,1,...,1)7 and the func-

(m) (3

tions v;" ' (A) are defined as follows: for m =1,
VD) = (1/0kp1 — NN = apd /i1 +1/67,1),
v = A4 (ap+1)/6kp1  and
0y X% = (ag + DM s + (ar + 1) /67,
and for m = 2,
) = A+ 85+ 1/6r,
() = —MAEQN) + Babo + B3 /b,
W) = AN + 1o + B2Bo/b.
uéz) (\) i (N) + Bo + Bofi/0r  and
v@R) = —o(A) + Bo/r,



while the parameters 3y, 81, 02 and (3 are defined as in
Lemma 3.
Proof: We consider the following cases:

(i) m = 1: Let A\ and A2 be the extreme eigenvalues of
B,(igl. Consequently, the matrix (Bgy1 — AI) has two dis-
tinct eigenvalues, Ay — A and A2 — A. Using Eq. (12) after
some algebraic calculations, the characteristic polynomial
of (B, = A1) is

q(z) = (z — C)H_Q (332 — T+ Co) )

where the quantities ¢, ¢; and ¢y are defined as

1
+ A @

— 2\, and

Ok
ak)\ 1

_ =
Ok+1 Oy

Or41

Co=>\2

Therefore, its minimal polynomial is

gm(z) = (z —¢) (x2 —cz+ co) .
Using the Caley-Hamilton theorem, we have that
Gm (Bl(cl+)1 — )\I) = 0. Multiplying both sides of the equa-

-1
tion by (B,(igl — A ) and after some algebraic computa-

tions, we obtain

—1 1 9
(Bl(cl+)1 - )‘I) = D)) [(Bl(clJZl) - V§1)()\)B’Ei£l

+ Vo).

(31)

Applying the inverse power method, we obtain Eq. (30).

(i) m = 2: From Proposition 1 we know that B,(f_gl has
at most four distinct eigenvalues, \;, i = 1,...,4. Thus,
(B,(j:l — AI) has also at most four distinct eigenvalues, A\; —
A.  Utilizing Lemma 3, the characteristic polynomial of

(B,(j:l — AI) takes the form

g(x) = (x — )" (2 = e32® + 22” — 17 + ),

where ¢ = 9];1 - )\, C3 = —4)\+ﬂ37 Co = 6)\2 —3&3)\4—5250,
c1 = —4N + 30302 — 26200\ + 150, and co = A* — B33 +
by BoAZ — B1 8o\ + By, where the constants §; are defined in
Lemma 3. In the general case, its minimal polynomial is

4

gm(z) = (x — ) (2" — c323 + 22 — 12+ ).

Therefore, using the Caley-Hamilton theorem, we obtain

2) -t 1 @\ _ @ @ \°
(B2 -M) = 1/(2)(>\)[(Bk+1) —?0 (B2)
2
+ o (B2) - oBd,
+ VéQ)(A)I}

Finally, by applying the inverse power method, we obtain
(Eq. 30). |

When m = 1, Eq. (30) yields

w1 = VPN u+ D) s — v (V) i, (33)
where

LG - L= A3 s + 50 () 024,

b v(A) 0744

e [1 - yfl)(jx) 0k+1} stu+ Opp1yfu
v = 7 , and

v () 07, st s,

w3 [1 - 1/{1)(5\) Op+1 + ak} Opr1yfu—shu

l/uy ( ) - 1/(1)(5\) 9%+1s£yk .

When m = 2, the eigenvector can be computed by the
following procedure:
Procedure 1: (Compute 1)

@ _ .
Up Ly = U

for j=4,...,1do

v — B(Q)u,(jll;

i o (=1 (3w
end for
return u,@l/u(z)()\);
The vector v € R™ is computed by the formula

), ) T, (4)
1) (4 sy, By, “uy 1 Yp v
v= B,(C )uy) - k(l) B,(C )si, + 7§T Ly,
s, By sk LYk
where
] 1 sT W) y7 u\P
W, _ 2,6 k—1"1 g+ k=1 b1
ko O Opst  sp_1 ST yk— ’
and
T T
Sk—15k Yi—15k
Bzgl)sk = 7Sk — ;7181%1 + Tkilykfb
O OrS4_15k—1 Sp_1Yk—1

When the extreme eigenvalues of B(™) are not distinct, due
to the structure of B(™) the desirable eigenvector can be
obtained by simple algebraic computations. We consider
the following cases:

(i.) In case where m = 1, when the extreme eigenvalues of

B,(igl are not distinct, from Lemma 2 we have that a; = 2
and it is easy to see that Eq. (31) is reduced to

1 -1
+ A I
(9k+1 )

Using the decomposition of B,(Clle we have B,(Clﬁl =UAUT,
where U = I and A = diag(A1, A\1,...,A1). Obvously a

corresponding eigenvector to Ay is

(B + /\1)71 = (34)

ups1 =e1 = (1,0,...,0)7.

(ii.) In case where m = 2, when the extreme eigenvalues

2)

of B,(C 41 are not distinct, from Proposition 1 along with



Lemma 4 we have that ap_1 = ap = 2 and B has the

E+1
form .
1 1 1\ yry
B =11y () i
R0 Orsr Ok ) ylus

(a) if O # Opy1 and Ay = 1/6k 41, from Eq. (35) it is
straightforward to see that ug+1 = yi/||yk||-

(b) if 0 # Or41 and Ay = 1/6 from Eq. (35) easily can
be verified that the resulting eigenvector is of the form
Upt1 = Gpq1 /|| @41, where

(n)

o, 0,1)T
)
Yk

(35)

Upy1 = ( (36)

and y,(f) denotes the ith component of ;.

(c) finally, if 0y = 041, using the decomposition of B,(jzl
we have that uz,1 = e; = (1,0,...,0)T.

V. THE ALGORITHM

We consider an iterative scheme of the form

Tk+1 = {

where py, is the quasi-Newton direction, dj is the negative
curvature direction and «y is a step size. The following al-
gorithm describes a curvilinear search based on an Armijio
procedure.
Algorithm 1: curvilinear search

Step 1: Given xzg, integer m € [1,2], 0 < 01 < 09 < 1,
0<ca<cp<l,e—0ande; — 0;set k=0and ¢ =0;
compute gg ;
Step 2: 1If ||gr|| < € stop; else compute the eigenvalues \;
of B(m).

k‘ b

Step 3: If Ay > 0 then

a) compute pg; set dp = 0 and o = 1;

b) Find ay > 0 such that

i 4+ D, when Blim) > 0;

37
T + azpk + agdy, otherwise, (37)

flar + arpr) < f(zr) + crangi prs

Else

c) set pr = —gi and compute uy; set d, = —sgn(ul gr)uy
and a = 1;

d) Choose o € [01,03], ay = oay, such that

1
f(xr + aipr + axdy) < f(og) + 20 (ggpk + 2)\1) :

Step 4: Set

Tr+1 = {

Step 5: Compute gi41, Sk = Tr41— Tk and Yx, = Gr41—gk;
if |sfyx| > €1, save the vector pair {sy, yi } and set £ = (+1;
if ¢ > m discard the vector pair {s¢_,, Yyo—m } from storage;
Step 6: Set k =k + 1 and go to step 2;

When m = 1, the eigenvalues in Step 2 of Algorithm 1
can be computed by Eq. (12). In Step 3a), the direction
pr is obtained by Eq. (29) for m = 1, while in Step 3c) if

Tr + apPr, if Ay > 0;
T + aipk + apdy, otherwise.

ay > 2, the unit eigenvector wuy, is obtained using Eq. (33),
otherwise we set u; = e;.

When m = 2, the eigenvalues can be computed by means
of Eq. (20). The computation of py in Step 3a), is ob-
tained by Eq. (29) for m = 2. In Step 3(c), if ag—1 > 2
or ap > 2, then uy is computed using Procedure 1, else if
ar_1 = ai = 2, we have:

1. if Ay is distinct eigenvalue, then ug = yi /||yl

2. if Ay has multiplicity n — 1, then uy = 4y /||Gx||, where
iy, is defined in Eq (36),

3. if Ay has multiplicity n, then u; = e;.

In Step 3b) the line search procedure is based on trun-
cated quadratic interpolation. More analytically, if f(zx +
agpr) > f(xg), then a step length «y is computed by the
formula

o =max {0.1, 0.5/ [1+ (f(zx) — f(zr + akpk))/ngk} },

and the new direction is set to be py := agpg. This process
is repeated until a lower function value is obtained. In
Step 3d) the curvilinear procedure is based on the method
of bisection.

VI. NUMERICAL RESULTS

We have implemented Algorithm 1 using 1-BFGS and 2-
BFGS updating schemes. Both algorithms have been coded
in MATLAB 7.3 and all numerical experiments were per-

TABLE 1
1- BFGS UPDATE

Dimension n = 10° n = 10% n=10°
No. FE-GE FE—-GE FE—GE
1. 107—69 96—74 93—-75
2. 146-51 205—72 150—56
3. 53—28 57—26 65—30
4. 55—54 87-T1 127—86
5. 196—79 425—159 561—166
6. 701-301 513—236 730—281
7. 39—17 42—-19 1255—293
8. 151-33 17431 166—27
9. 100—56 56—33 74—35
10. 11-11 12—12 12—12
11. 12—12 12—12 13—13
12. 14—-14 14—14 15—15
13. 28—22 30—-27 201-55
14. 54—54 70—70 110—88
15. 176—51 112—-29 329—-63
16. 32—25 73—43 29—23
17. 15—15 16—16 18—18
18. 34—26 31-24 38—30

formed on a Pentium 1.86 (GHz) personal computer with
1GB of RAM running a Linux operating system. Double
precision IEEE floating point arithmetic with machine pre-
cision approximately 2.2 x 1076 was employed.

We have selected 18 large-scale unconstrained optimiza-
tion test problems in extended or generalized form. These
problems from 1 to 18 are: Trigonometric , Rosenbrock,



Beale, Penalty, Powell, Wood, Arwead, Nondia, Dqdrtic,
Dixmaana , Dixmaanb, Dixmaanc, Edensch, Vardim, Liar-
whd, Engvall, Cosine, Denschnb and Denschnf. The first
6 test problems were selected by the 18 problems of Moré,
B.S. Garbow, and K.E. Hillstrom [14] while the rest of them
were selected by the CUTE collection [10].

For each test function we have considered 3 numerical
experiments with number of variables n = 10%,10%, 10°.
In both algorithms the implementation is terminated if
llgr|l < 1075, while By, is allowed to be indefinite. Thus,
the condition s}y, > 0 does not always hold and there-
fore, for being By well defined, the storage of the vector
pair {5, yi } is skipped if [sTy] < 10712 sy | il

TABLE II
2- BFGS UPDATE

Dimension n = 10° n = 10% n = 10°
No. FE-GE FE-GE FE-GE
1. 88—173 88—T74 70—64
2. 87—44 96—46 111-54
3. 24—17 28—22 33—23
4. 46—45 57—57 68—68
5. 620—147 308—90 824—189
6. 465—178 502—184 485—184
7. 13—10 14—10 16—10
8. 25—13 19-11 21—11
9. 57—-27 90—44 86—49
10. 11-11 12—12 12—12
11. 12—12 13—13 13—-13
12. 14—14 14—14 15—15
13. 30—26 77—35 34-27
14. 54—54 70—70 110—88
15. 47-29 5427 60—25
16. 18—14 90—50 84—53
17. 12—-12 14—-14 15—15
18. 28—26 28—26 28—26

In both tables the first row denotes the number of vari-
ables of each problem. We list the number of function (FE)
and gradient (GE) evaluations, as the number of iterations
is the same as the number of gradient evaluations.

Table I summarizes the results of the 1-BFGS algorithm
applied to 18 different problems with varying sizes ranging
from 10% to 10°. To solve all the 18 problems, the CPU
time (in seconds) required by the 1-BFGS algorithm is 1.56,
28.69, and 114.00, for each dimension, respectively.

Table II summarizes the results of the performance of
the 2-BFGS algorithm applied to the same problems as in
Table I. To solve all the 18 problems, the CPU time (in
seconds) required by the 2-BFGS algorithm is 5.16, 98.58,
and 2357.67, for each dimension, respectively.

As we can see the number of function and gradient eval-
uations is lower in 2-BFGS algorithm than 1-BFGS algo-
rithm. However, the 1-BFGS algorithm requires fewer CPU
time to solve all test problems.
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