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ABSTRACT

Let T > 0, Q := (x4,75) C R be a bounded interval and D := [0,T] x Q. Then, we consider the
following initial- and boundary- value problem for a Klein-Gordon—Schrédinger (DKGS) system of partial
differential equations: find functions ¢ : D — C and ¢ : D — R solving the following nonlinear system of
equations

(0.1) Yt =iptee —ap —idp Y on (0,T]xQ,
(0.2) Gtt = Guw — ¢ — Ndy — Re(v) on (0,7T] x £,
and satisfying the conditions

(0.3) Y(t,x) =0 and ¢(t,z) =0 V(¢t,x) € [0,T] x 99,
(0.4) (0,2) = vo(z) Vo e,

(0.5) 6(0,7) = do(z) and 6(0,2) = d(x) Yz €D,

where: 1 > 0, o > 0, A > 0 are known real numbers, and ¢g, ¢; : Q — R and 1)y : Q — C are given
functions. The DKGS system models the nonlinear interaction between high frequency electron waves
and low frequency ion plasma waves in a homogeneous magnetic field. Such systems arise in the UHH
plasma heating technique. The coupling of the two fluids is achieved through the (non-homogeneous)
polarization drift and the induced current takes part in the collisional process of energy exchange. As a
consequence, the nonlinearity differs from the one encountered in the Zakharov system [5]. For a detailed
derivation of the model, along with the underlying assumptions, the reader is referred to [I] and [4]. Also,
we refer to [I] for results on the existence and uniqueness of a solution of the problem. In the present
work, we focus on the derivation of an efficient numerical method to approximate the solution of the
initial and boundary value problem —.

Let r € N and S, C H}(Q) be a finite element space consisting of functions which are piecewise
polynomials of degree at most r over a partition of {2 in intervals with maximum mesh-length h. It is
well-known that the following approximation property holds: there exists a constant C, ; > 0 such that

06) inf {lo=xlszo+hllo=Xlww} < Carh vl Vo HONHI®), £=1..,r+1,
h

Then, we define the discrete Laplacian operator A, : HY(Q) — St by (Are, X)r2) = (¢, X ) 2@
Vx € S, Vo € H'(Q), and the L?>—projection operator P, : L*(D) — S} by (Pnf — f,X)12@ = 0
Vx € S;, Vf € L?*(D). Also, we introduce elliptic projection operators R}, Ry : H}(Q) — S; by
(Rfv—0),X")r2 =0Vx €S}, Vv e HJ(Q), and (Rfv—v),X') 120y + (RFV—0,X) 120y = 0V x € ST,
Vv e H} (). Now, let Ry, = R} or Rf. The approximation property (see [2]), yields

(0.7) [[Rav = X120 + B IIRAY = Xl 10y € Coyr B |0l ey Yo € H(Q)NHJ(Q), £=1,...,7r+]1,
Also, from [3] it holds that

0.8)  [Rwv— vl < Copht [0lyemq Yo € WES(Q)AHYQ), €=1,...,r+1.
Let N € N, k := % and t" := mk for m = 0,...,N. The proposed method constructs, for m =

0,...,N, an approximation (U}, ®7") € S} x S} of (¢(t™, ), p(t™,-)) following the steps below:
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Step 1: Set

(0.9) U = Riy and @) := R} eo.

Step 2: Set

(0.10) = Ri{go+ k1 + 5 [ — do — Aé1 — Re(up) ]}

Step 3: Find \I/,ll € Sy, such that

(0.11) Ytk — iy (Higth) — o YR p, |20 YiWE),

Step 4: Forn=1,...,N — 1, specify (U}, ®7*1) € S}, x S}, via the requirements

(0.12) Ll i wAh(‘PZ“;‘I’Z*l) oW p, @ 7@3“2‘1’71}

and

(0.13) w _ Ah<<1>7;+1;q>;‘1> 1 <1>;1’+12,kq>;;—1 B q>;1+1;q>;1—1 B Ph[Re((\IIZ)’)}.

Analyzing the numerical method above, first we ensure that it is well-defined without mesh conditions,
and then, we derive an a priori bound for the numerical approximations, in a discrete energy norm,
described below

(0.14) max {@F |+ 971 1+ _max (960} < C 060 o+ B 1+ 195 -+ ]w5 1+ w53 ]

Finally, we combine (0.14)), (0.6), (0.7) and (0.8)), with a proper stability argument, to arrive at an optimal
order error estimate in the L? and H' norms, i.e.,
2
Oénma%{N {”‘I'ZL - meHl(n) + ”(I);zn - d’mHHl(n)} < C(k + hr)
and
U — ™ o — ™ < C (K +hh).

Jmax I = e + B = 67 2} < C (R + B
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