Confidence intervals for nonparametric quantile estimators

1. INTRODUCTION

Questions of what is the level within a population, bellow which a random value from that population can be attained with a given probability, are very common. Such levels are known as distribution quantiles or percentiles and they are very frequently used in several scientific fields such as biology, medicine, economics, etc. The quantile estimators are Formulas that try to estimate the quantiles of a distribution using a sample of the parent distribution. When quantile estimators are not based on any assumptions for the parent distribution they are called nonparametric. The literature for nonparametric quantile estimators is quite rich and several quantile estimators have been proposed; see for example Harrell & Davis (1982), Kaigh & Lachenbruch (1982) and Yang (1985). Nevertheless little has been done on defining confidence intervals for nonparametric quantile estimators. In this paper the problem of creating confidence intervals for nonparametric quantile estimators is addressed. In the next section a small review on nonparametric quantile estimators is presented. In section three the literature on the asymptotic distribution of nonparametric quantile estimators is discussed. Moreover Monte Carlo simulation is being used to examine the distribution of nonparametric quantile estimators in several cases. Finally a compound methodology for calculating confidence intervals is proposed.   

2. NONPARAMETRIC QUANTILE ESTIMATORS

Assuming that X is a random variable with CDF F, the pth quantile of that distribution is the Qp that satisfies Equation (1): 

[image: image1.wmf]{

}

)

1

)(

1

(

,

)

1

(

/

p

n

p

n

I

n

k

-

+

+


 (1)

In real life the solving of Equation (1) is not a straight through process since the function F(x) is not known so estimators are used for estimating Qp. 
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Let X be a random variable and X1, X2, … ,Xn a random sample of size n from X. Sorting in ascending order the observations of a realisation of that sample the order statistics of the sample are created, i.e.

.(2)

The most common estimator of Qp is the sample quantile SQp which is defined by Equation (3). 
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Where [np] is the integer part of n times the p. A number of quantile estimators that are based on one or two x(i) are displayed in Table 1. The main drawback of this kind of quantile estimators is that their variance is relative large.

An obvious improvement could be the use of more than two of the order statistics in estimating Qp. So for a given weighting function the estimation of Qp could be derived as the weighted sum of the order statistics. A popular category of this kind of estimators is the Kernel quantile estimators. Assuming that Κ is a pdf symmetric about 0 and that h( 0 as n( +∞ and let Kh(.)=h-1K(./h), then one version of the kernel quantile estimator is given by Formula (4).
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Harrell and Davis (1982) presented a quantile estimator (HDp) which is described by Formula (5). This estimator is in essence the bootstrap estimator of E(x((n+1)p)).  
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where 
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 is the incomplete beta function.

Kaigh and Lanchenburch (1982) proposed an L-estimator (KLp) which is the average of the pth-sample quantiles from all sub samples of size m, chosen without replacement from x1, x2, … , xn. KLp is derived from Formula (6).  
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In 2007 a new core methodology for defining quantile estimators was introduced by Sfakianakis and Verginis. According to that methodology the order statistics x(1), x(2), …, x(n) of  a random sample of size n are used in order to create n+1 intervals S0, S1, …, Sn-1, Sn. The probability that Qp belongs in Si is B(n,p,i). Then 
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 which is a point approximation of random variable Qp,i =(Qp |  Qp ( Si ) is corresponded to Si. Finally the estimator is derived as the sum of the products of 
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 with B(n,p,i). Sfakianakis and Verginis created three new quantile estimators using that methodology. The first estimator (SV1p) was derived by corresponding to Si the (x(i) + x(i+1))/2 the second (SV2p) was derived by corresponding to Si the supremum of Si and the third (SV3p) was derived by corresponding to Si the infimum of Si.
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3. CREATING CONFIDENCE INTERVALS FOR NONPARAMETRIC QUANTILE ESTIMATORS

Let statistical functions L(X) and U(X) with L(X) ≤ U(X) and ‘a’ between zero and one (0<a<1). The interval [L(X) , U(X)] for which P(L(X) ≤ QEp ≤  U(X))=1-a, for a quantile estimator QEp is called confidence interval for that quantile estimator with confidence level  1-a, or (1-a) 100% confidence interval. The L(X) and U(X) are quantile estimators of p=a/2 and p=1-a/2 respectively of the distribution of the QEp. So in order to construct a confidence interval for QEp we have to study the distribution of QEp.

3.1. THE DISTIBRUTION OF NONPARAMETRIC QUANTILE ESTIMATORS

The most straight forward case is when the distribution of the estimator is Normal. In that case a confidence interval for the estimator can be obtained by simply calculating its mean and its variance. The question now is: when a quantile estimator follows a Normal distribution? In fact this question is a part of the more general question: does a finite sum 
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 of order statistics (like quantile estimators) follow asymptotically a Normal distribution? Or even, in a more general form: under what conditions Τn follows asymptotically a Normal distribution? Since the mid of the last century these questions have been addressed by several researchers. The most remarkable contributions to that field in 1960’s are reported by David (1981): Bickel (1967), Chernoff et al. (1967), Moore (1968), Govindarajulu (1968), Stigler (1969) and Shorack (1969). Stigler in 1974 proved a Theorem which determines when the Tn follows asymptotically the normal distribution without stating particular strong conditions on the parent distribution. An equally important question is what is the rate of convergence to normality for Tn; and David (1981) mentions the work of Rosenkrantz and O’Reilly (1972), Bjerve (1977), Chrenoff et al. (1976), Helmers (1977) and Ghosh and Dasgupta (1978) in defining the rate of convergence to normality for Tn.

In order to visualize the rate of convergences to normality for several nonparametric quantile estimators Monte Carlo simulation was used. Thirty thousand (5,000x3x2) random samples of size n=100, 250 and 500 coming from N(0,1) and Student’s t with five degrees of freedom (T(5)) were created. For each of the 30,000 samples SV1p, HDp and WAp were calculated for p=0.01, 0.05 and 0.25. For each case of n, parent distribution,  p and for each quantile estimator histograms were drawn based on the estimations produced by the Monte Carlo simulation (figures 1 to 6). Moreover for each of the 18 cases the p-values of the z-score for Skewness, the z-score for Kurtosis, the Chi-Square goodness-of-fit test to Normal distribution and the Kolmogorov-Smirnov goodness-of-fit test to Normal distribution were calculated (Tables 2 and 3). The following observations were derived from the study of these Figures and Tables:

1. The rate of convergences depends upon the parent distribution and p.

2. For p=0.01 the convergences to normality seems to be very slow and even for samples of size 500 the quantile estimators under consideration do not give normally distributed estimations, at least when the parent distribution is the T(5).

3. For p=0.05 the convergences to normality seems to be less slow, nevertheless  samples of size greater than 250 are necessary for the quantile estimators under consideration in order to give normally distributed estimations (when N(0,1) is the parent distribution for SV1 and HD samples of size 250 are adequate).

4. For p=0.25 it seems that  even for samples of size 100 the quantile estimators under consideration give normally distributed estimations 

From the above analysis it is obvious that: the quantile estimators, especially for p on the tails of the distribution, may not follow the normal distribution.
3.2. DERIVING A SET OF QUANTILE ESTIMATIONS FROM ONE SAMPLE 

In real life the distribution of QEp is not known a priori and has to be estimated using a sample of that distribution. In other words there is a need for deriving multiple quantile estimations from on sample of the parent distribution. This can be done by using the Jackknife (Quenouille, 1956) or the Bootstrap (Efron, 1979) method. In Jackknife from a sample of size n, n samples of size n-1 can be constructed by removing every time one observation from the original sample. In Bootstrap from a sample of size n, nn samples of size n can be constructed. These new samples are all the possible samples of size n that can be constructed from the original sample using random sampling with replacement. So using one of the above methods multiple samples of the parent distribution can be derived and by applying a QEp on each one of them multiple quantile estimations can be obtained. 

3.3. ESTIMATING L(X) AND U(X) 

If QEp follows the Normal distribution then the set A of quantile estimations derived from the original sample using the Jackknife or the Bootstrap method can be used to estimate the mean (μ) and the variance (σ2) of that Normal distribution. Then L(X) and  U(X) can be estimated using formulas 10 and 11.
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If QEp does not follow the Normal distribution nonparametric quantile estimators like SV1 must be used. Then L(X) and U(X) are estimated using formulas 12 and 13.
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  Unfortunately the distribution of QEp it is not known a priori so in order to decide which Formulas to use a number of tests must be contacted on the quantile estimations of set A. Some of these tests could be the z-score for Skewness, the z-score for Kurtosis, the Chi-Square goodness-of-fit test to Normal distribution and the Kolmogorov-Smirnov goodness-of-fit test to Normal distribution. If the tests indicate that the quantile estimations of set A are normally distributed then Formulas 10 and 11 will be used else Formulas 12 and 13 will be used.

So the methodology of creating confidence intervals consists of the following steps:

1. Use Jackknife or Bootstrap to derive multiple samples from the original sample.

2. Create a set A of quantile estimations by applying the quantile estimator on each sample. 

3. Use tests for normality to deicide whether the quantile estimations of set A are normally distributed.

4. If the quantile estimations of set A are normally distributed use Formulas 10 and 11 else use Formulas 12 and 13.
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