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Abstract

This paper studies a class of nonconforming spline collocation methods for solving elliptic
PDEs in an irregular region with either triangular or quadrilateral partition. In the methods,
classical Gaussian points are used as matching points and the special quadrature points in a
triangle or quadrilateral element are used as collocation points. The solution and its normal
derivative are imposed to be continuous at the marching points. We present theoretically the
existence and uniqueness of the numerical solution as well as the optimal error estimate in H!-
norm for a spline collocation method with rectangular elements. Numerical results confirm our
theoretical analysis and illustrate the high-order accuracy and some superconvergence features
of methods. Finally we apply the methods for solving two physical problems in compressible
flow and linear elasticity, respectively.

1 Introduction

The spline collocation method is one of the most competitive numerical methods for solving dif-
ferential equations. This method has evolved as a valuable technique for many physical problems
[19, 20, 23, 24, 25]. The popularity of such a method is in part due to its ease of implementation
and high-order accuracy. One obvious advantage of the spline collocation method over the finite
element method is that the calculation of the coefficient matrices is very efficient since no integrals
need to be evaluated or approximated. During the past thirty years, considerable research has
been devoted to collocation methods and their applications in solving differential equations and
partial differential equations in a rectangular region (e.g., see the review paper [3, 11]). The latter
is mainly based on the use of the tensor product of one-dimensional approximation.

The study on efficient spline collocation methods for solving PDEs in a complex region has
been an attractive area, but it seems not very successful. A potential problem in a non-rectangular
region was first studied in [12] by using orthogonal spline collocation methods. This approach is
based on the use of a local curvilinear coordinate system, in which each element is rectangular
essentially. Numerical results for certain non-rectangular regions show the high-order accuracy of
this method. A global geometrical mapping method was proposed in [4] where non-rectangular
regions are transformed to rectangles and then, tensor product Hermite spline collocation methods
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are applied for the transformed problems in a rectangular region. Methods in terms of coordinate
transformations seem not easy for solving problems in complex regions. Besides, the accuracy
may be lost due to the approximation of coordinate transformations. In [6], a domain-imbedding
alternating direction method was proposed for solving elliptic partial differential equations over
bounded two-dimensional irregular regions. The scheme imbeds the irregular region in a rectangle
and then, uses an alternating direction iteration to solve the resulting system of linear equations.
A collocation method with cubic Hermite splines is used for discretization.

For a complex physical region, the most popular practise is to partition it into a triangular or
quadrilateral grid, in which small triangles or quadrilaterals with edges oriented along the boundary
are used to handle the irregular boundary. Finite element methods (FEM) with such a grid have
been well developed and widely applied for solving PDEs and many physical problems. However,
the problem for collocation approaches is extremely difficult for such a grid. For a simple linear
boundary value problem

Lu = f(z), z€Q, (1.1)
u(z) =0, z € 00,

let

N
up(2) =Y uigi(2)
=1

be the numerical solution, where © is a bounded domain in R? (or R3) and {¢;(2)} is the base of
a certain spline space satisfying the homogeneous boundary conditions in (1.1). A discrete spline
collocation system is given by

Luh(zc,j) :f(zc,j)a j:1727"'7M7

where 2., j = 1,2,---, M, define the collocation points. A major problem is that for most classical
spline spaces in FEMs, the collocation systems usually are not unisolvent and, N # M in general.
Recently, a collocation method based on a nonlocal spline approximation was first introduced by
Doedel [9] and in this method, the number of collocation points always equals to the number of
unknowns, i.e., M = N. The method has been applied for solving some nonlinear Poisson type
equations and numerical results with rectangular meshes were presented in [9, 10]. However, no
analysis has been obtained.

This paper reformulates the spline collocation method for PDEs in an irregular region with
either triangular or quadrilateral partition. The method can be viewed as a certain collocation
approximation in a class of nonconforming finite element (spline) spaces. The solution in the
nonconforming space is discontinuous in general and connected only at those so-called matching
points. In this method, the spline collocation system is generated by collocating the partial differ-
ential equation at some interior points. In addition, a local elimination is employed to reduce the
number of freedoms at each element such that the dimension of the resulting collocation system
is the same as the number of matching points. More importantly is that we prove theoretically
the existence and uniqueness of the numerical solution and provide an optimal error estimate in
an energy norm for a nonconforming spline collocation method with a rectangular mesh. Numer-
ical results confirm our theoretical analysis and show that the method is efficient for problems in
irregular regions. Moreover, this method provides a high order accuracy when collocation points
are chosen to be certain special quadrature points in a triangular or quadrilateral element and
matching points are chosen to be the classical Gaussian points. Some interesting superconvergence
features have also been observed.
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Figure 1: Two typical nonconforming elements

The rest of this paper is organized as follows. In section 2, we reformulate the nonconform-
ing spline collocation method for the second-order PDEs (1.1). In section 3, we reduce a spline
collocation system to a equivalent finite difference system in the case of a rectangular mesh on
a rectangular domain. We prove the existence and uniqueness of the numerical solution. The
optimal error estimate in H'-norm is obtained in terms of the truncation error and an error in
discrete energy norm of the finite difference system. Numerical results with different approxima-
tions on both triangular and rectangular partitions are given in section 4. Finally, we apply the
nonconforming spline collocation method for certain physical problems, including fluid dynamics
and linear elasticity.

2 Nonconforming spline collocation methods

In this section, we reformulate the nonlocal spline collocation method in a simpler form. For
simplicity, we consider the model in (1.1).

We assume that I, = {e;} is a regular partition on €, consisting of triangles or quadrilaterals,
such that 2 = Ue,. Two typical elements are shown in Figure 1. Denote by zfm(z =1,2,--+,ny)
and zfz(z =1,2,---,n.) the matching points and the collocation points in element ey, respectively.
Let the collocation solution be defined by

Nm+"Ne
up(z) = Z uRjdi(2), =z € ey, (2.1)
j=1
where ¢;(2), j = 1,2, , 0y, + nc, are basis functions of the polynomial space P, n.. By collo-
cating equation (1.1) at the collocation points, we have a local system
L(up)(ze5) = fz:), i=1,2,---,n (2.2)
or in matrix form,
Cpuf = F*,

where Cj = (cfj) is an ne X (ne + ny,) matrix and

CZ:LQS](ZQZ)? i:1727"'7n07j:1727"'7nm+nc‘

Let Cy = (Cy1,Cro) and v = (u¥,ub)T, where Cj; and Cyy are ne x n,, and n. x n. matrices,
respectively. We obtain
k k k
CkQ'LLQ = F" - C’klul,



from which B B
u = —(Cha) ™' Crau + (Cra) ™ F* o= Cpuy + F*

or equivalently

Nm
_k 7k .
ukizzcilukl"i'fiv t="nm+ Lngm+2,- 0y +ng,
=1

where Cy = (¢F) and F* = (fF). The collocation solution can be re-expressed by

un(z) = 3 uidi(z) + F5(2), (2.3)
=1
where
_ Nm+nc
¢Z(Z) :¢Z(Z)+ Z E]Z(b](z)v 1= 1727"‘7nm7
j=nm+1

Nm—+nec _
M@= 3 Iei2).

Jj=nm+1

By forcing the normal derivative of the collocation solution to be continuous at matching points

zfm-, i1=1,2,---,n,,, we obtain the collocation system
8uh 8uh
on z:zf-‘— on z=2F" =0. (24)

A question immediately arising from the spline collocation method is how to generate basis func-
tions. The approach in [9, 19] is based on the use of the monomial basis functions, 1, z,y, zy, 22, ...,
and the following formula

8uh

on

Nm, Nec
k k
Z:Z:%i = Z Oéijuh(sz) + Zﬁijf(*%,j)?
' j=1 J=1

in which one needs to calculate the inverse of an (n.+ny,) X (n.+n,,) matrix at each element to get
a;; and B;;. The formulation based on the monomial basis functions may not be efficient for prob-
lems in complex domains. A shape function technique in terms of area coordinates or isoparametric
representation has been well studied and widely applied in finite element methods to generate basis
functions in high-order spline spaces (e.g., see [14]). The formula (2.1) can be considered as an
Lagrange interpolation on {z¥}7I™™. The interpolation points may be different from collocation
points and matching points. In many high-order approximations, the basis functions ¢;(z) can be
generated in terms of the shape function technique. Two examples are given in Figure 2. For the
15-node triangular element, one can easily generate 15 quartic shape functions corresponding to
the 15 interpolation points z; with ¢;(2;) = d;; where z;, i = 1,2,---,9, are matching points and
six collocation points are chosen on quadrature points of a triangle as shown in Table 1. Here
collocation points are not the interpolation points. After the local elimination process (2.3), six
unknowns corresponding three interior points and three vertices are eliminated in terms of the six
collocation equations in (2.2). In this approach, the number of freedom at each element reduces
from n,, + n. to n,,, the same as the number of matching points on the edges of an element.
only those ug; corresponding to matching points are involved in the resulting collocation system.
It has been noted that this local elimination technique has been widely used in spline collocation
methods, such as by Ascher et al. [2] to reduce the size of collocation systems in system of ODEs,
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Figure 2: Interpolation points in triangular elements

by Mahmood and Osborne [16] to construct a compact formula and by the first author [20, 21] to
develop a class of block iterative algorithms for solving the spline collocation systems.

The spline collocation linear system (2.4) seems much different from those in finite difference and
finite element methods. The coefficient matrix in this system is sparse and only the unknowns in two
adjacent elements are involved in each equation. Classical orthogonal spline collocation methods
strongly depend upon the choice of collocation points. High order accuracy can be obtained only
when corresponding Gaussian points are employed [7]. Usually there are two different ways to find
(Gaussian) quadrature points. One is based on zeros of a certain orthogonal polynomial and other
one is to generate a quadrature rule which is exact for polynomials of degree as high as possible.
These two approaches are equivalent in a one-dimensional space or a rectangular region. Quadrature
rules in a triangle were studied by several authors [17, 18], either by using a transformation from
a triangle to a rectangle or by generating a quadrature rule being exact for any polynomials of
degree as high as possible. We list these special quadrature points and corresponding weights in
Table 1. In the nonconforming spline collocation method, we shall choose classical Gaussian points
as matching points and these special points in Table 1 as collocation points in all computations.

Table 1. The quadrature points and weights in an area coordinate system

Number | Weight Area coordinates
of points &,n,Q)
1 1 (1/3,1/3,1/3)
3 1/3 (2/3,1/6,1/6)
1/3 (2/3,2/3,2/3)
1/3 (2/3,1/6,1/6)
4 -27/48 (1/3,1/3,1/3)
25/48 (0.6,0.2,0.2)
25/48 (0.2,0.6,0.2)
25/48 (0.2,0.2,0.6)
6 w1, Wi (a1, a9, a2), (a9, a1, a2)
w1, W (042,042,041), (043,044,044)
wa, Wy (4, a3, a4), (4, 4, a3)
a1 = 0.816847572980459, ag = 0.091576213509777,
as = 0.108103018168070, aq = 0.445948490915965,
wy = 0.10995174365, we = 0.22338158967
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Figure 3: Rectangular elements and their connection

3 Analysis for rectangular partition

In this section, we present the error analysis of a special nonconforming spline collocation method
for the model problem

_Au:f(xay)? (':Evy) GQ,
u(z,y) =0, (z,y) € 09,

in a rectangular domain with rectangular elements. For simplicity, we assume 2 = [0, 1] x [0, 1].
Let I}, = {ay, ?/j}ﬁ\,szo be a uniform partition on © with the mesh size h = 1/N. Define by

(3.1)

r = x; + hoy, y =y, + hoa

the local coordinate system (o7, 02) on each element with 01,09 € [0, 1].

A typical element and the connection of four elements are depicted in Figure 3. There are
two matching points on each edge and four collocation points in each element and consequently,
N,, = 4N(N — 1) interior matching points and N, = 4N? collocation points in Q. Denote by
Oy, = {z;} the set of matching points in Q and 99}, C €y, the set of matching points in the elements
adjacent to the boundary 9f2. Let

3—+3 3+V3
6 °  ?T 7§

T =

be two Gaussian points in (0,1). In each element, the eight marching are defined by (7;,0), (7;,1),
(0,73), (1,73), i = 1,2, and the four collocation points are given by (7;,7;), 4,7 = 1,2. Now we seek
a nonconforming spline collocation solution up, such that (i) in each element ej € IIy,

2 2 2 2
uh‘ek € P8+4 = Span{1701702701701027027 0-%70-10-270-10-27 0370%0270103}7
(3.2)
—Aup(zg) = f(ze), i=1,2,34

(ii) up, and its normal derivative are continuous at the matching points in §2;. Besides, the homo-
geneous boundary condition is imposed so that uj vanishes at the matching points on 0f).



Let u; = up(z;). In an element ey, by (2.3) the normal derivative on the matching point 2z} is

given by

8
_k = Uk
= 7 on

J

8uh

o = (Au¥); + (BF); (3.3)

—k
2=z

where (v); denotes the i-th component of the vector v, A is an 8 x 8 matrix, B is an 8 x 4 matrix
and F* = (f(z5), f(25), F(zE), f(z5))T. By Maple software, we obtain

C1 Cc2 c3

[ —16 3 0 a 0 1 0 at
3 —16 at 0 1 a” 0
0 af —-16 3 0 a 0 1
1] a 0 3 —16 at O 1 0
A==l o 1 0 at -16 3 0 a (3.4)
1 0 a 0 3 —16 at 0
0 a 0 1 0 af —-16 3
a0 1 0 a 0 3 —16 |

and

T 96h | by by b by

where a* = 6 + 3v/3, biﬁ =9+ 53 and bQi =3+ /3. A four-element diagram is shown in Figure
3. The matching point z; locates at the interface of elements ey, and e,. Then the continuity
condition of the normal derivative at z; results in

(AuP) + (BF*)) 4 (Au*?)g 4+ (BF*?)5 =0

or equivalently,

ﬁ (16’&1 — 3U2 — (6 — 3\/5)164 — U — (6 + 3\/§)u8)

—9h—6 ((9 +5V3) i+ (B4 V3) frya+ (3= V3) fr s+ (9 — 5\/§)fk1,4)
4L (—u9 — (6 — 3v/3)u11 — 3ug + 16u; — (6 + 3\/§)u13)

. ((9 —5V3) fr1 + (38— V3) fraz + 3+ V3) frs + (9 + 5\/§)fk2,4) =0,

where f; = f(zfi), k = k1, ke. The equations at zo, 23, 24, - - - can be obtained in a similar way.
Thus the collocation system reduces to a finite difference system

—Apun(zi) = fi, 2z € Q, (3.5)
where

—Ahuh(zl) = 32uy1 — 6ug — (6 — 3\/@)(’&4 + u11) — Ug — Ug — (6 + 3\/5)(118 + U13)



2

_ 2_4 ((9+5V3) (i + Jraa) + O = 5VB) (i + Frat) + B+ VB Jurz + Fr)

+(3 = V3)(frus + fk2,2)) = fi,

—Ahuh(ZQ) = 32uy — 6uy — (6 — 3\/5)(’&7 + U14) — U5 — U9 — (6 + 3\/5)(U3 + ulg)
2

— 2_4 ((9 +5V3) (frr2 + froz) + (9 = 5V3) (fry3 + fro2) + (3 + V3)(fer1 + frpa)

+(3 = V3)(frya + fk2,1)) = fo,

—Apup(z3) == 32u3 — 6uy — (6 — 3v/3)(ug + ug3) — ug — ua1 — (6 4 3v/3)(ug + u)
::g(@+a@xmg+nwyu9—a@me+nﬂ»+@+vﬁwa3+nw>
+(3 = V3)(frya+ fk3,3)) = fs,

—Apup(zs) := 32uy — 6uz — (6 — 3v/3)(u1 + u1g) — uy — ugy — (6 4 3v/3) (us + u24)

2
_ 3_4 ((9 4 5v3) (Frrs + frad) + (9 — 5V3) (Frra + frns) + 3+ V3) (Fer2 + frs)
+(3 = V3)(fin1 + fk3,2)) = f4 (3.6)

and equations on the other matching points in €2; have the same structure.

Let A. = (af;) be the coefficient matrix of the system (3.5). We see that A. is an Np, x Ny,
diagonally dominant and irreducible M-matrix. The existence of solution of the collocation system
follows immediately.

Theorem 3.1 The collocation system (3.5) has a unique solution.

Let u(z) denote the exact solution of (3.1) and e(z;) = wu(z;) — u; be the nodal error and let
C' denote a generic positive constant independent of A with possibly different values in different
places. In terms of Maple software again, we obtain the truncation error

—Ahe(zl) = —\P(Zo)h4 + O(hs),
—Ape(zg) = =W (29)h*
Ape(z2) U (z0)h* + O(h?), (37)
—Ape(z3) = U(z0)h* + O(hP),
—Ahe(z4) = \I/(Z())h4 + O(h5),
where n 1
=0 U= e (fa — ). (3.8)

Lemma 3.2 Let E = (e(21), e(22), ...e(zy,, )T and assume that u € C°(). Then

VETA.E < Ch3, (3.9)

where Ac = (a5;)N,,xN,, s the coefficient matriz of the system (5.5).

Proof. Since the matrix A. is symmetric, we have the classical formulation

N Nm,
ETAE =Y (e(z)) (Z afj) + Y (—ag)(e(z) — e(z))? (3.10)
i=1 j=1 j>i



and moreover, by noting

N N (3.11)
Zafj >1, 2z €09, and Z aj; =0, 2 € Qp\Oy,,
j=1

=1

we get

ETAE> Y (e(z) + Y (=af)(e(z) — e(z))?. (3.12)

2 €0Q, 7>t

On the other hand, by noting (3.7), we can rewrite the quadratic form by

N
ETAE =) (—Ape(z))e(z) == h'Sy + h®s. (3.13)
=1

Note that each of ¥;, [ = 1,2, contains N,,, terms and each term corresponds to a matching point.
For X1, we combine all the matching points in €}, into a set of specific pairs, (21, 24), (22, 23),

(211, 219), (212, 290),--. For each pair, we get an estimate for the corresponding terms in ¥; such
as
1 €
U(z0)h* (e(21) — e(z)) < %‘I’Q(Zo)h8 +5(e(a1) = e(z1))’
1 €
U(z0)h*(e(z2) — e(23)) < E‘I’Q(»Zo)h8 +5(e(z2) — e(z3))°
1 €
U(z0)h* (e(211) — e(219)) < 2—€‘P2(Zo)h8 +5(e(en) = e(219))?
1 €
U(z0)h" (e(z12) — e(220)) < 2—€‘P2(Zo)h8 +5(e(212) — e(220))?,

where ¢ is a small positive constant to be determined later. By summarizing the above inequalities,
we get
RS < Cem '8 + Ced (—af;)(e(z) —e(z))> < C (5_1}16 + sETACE) , (3.14)
j>i
where (3.12) has been used.
As for Y9, by noting the structure of A, for any given z; € Qj, there exists a chain (2, zj,,- - -,

ijj) with [; < N such that af, | ; = —1 and zj, € 0€Y,. Then we have

l;

le(z)l <D Jelz) — ez )| + |e(z)|
=1
L

= E —at .
- a]iflyji

e(zji) - e(zjifl)‘ + ‘e(zjlj)‘

i=1
and therefore,
N New | b
SoleGl <D0 |30 0 ez — ez )] ez,
j=1 j=1|i=1

(3.15)

SON| > J=afle(zi) —e(z)l+ Y le(z)]
-1

2, €00

< CN?\/ETA_E,



where we have used (3.12) again. Hence,

Nm
W2|So| < CH° Y Je(z)| < Ch*ETAE < C (e7'h° + cET AB). (3.16)
i=1
Substituting (3.14) and (3.16) into (3.13) gives
ETAE<C (e—lhﬁ + sETACE) ,
which leads to (3.9) when ¢ is selected to be small enough, say, less than 1/(2C). 1

In order to derive a global error estimate, we introduce some notations. For a function u on 2,
we define two semi-norms, the energy norm

1/2 1/2
2 2
uli= | 3 Nl | = { X [ IVuldedy
e €Iy, e €Iy, €k
and the corresponding discrete energy norm
1/2 1/2
h

lulln = X lulfen] ={35 2 @)4t]

er €11}, e €1l

where uf = (u(z§),u(25), - u(2§))? is the function vector at the eight matching points and A is
defined in (3.4). The equivalence between these two semi-norms are given in the following lemma.

Lemma 3.3 Let u be a function defined in 2, ul, € Ps14 and Au(zfz) =0,1=1,2,3,4. Then
u(z) is harmonic in each element and

1
—Nully < |lu < V2|l . 3.17
\/ill I < llulln < V2[ulls (3.17)

Proof. For any u € Pgy4, we have Au € span{l,o01,02,0102}. By noting that Au vanishes
at the four collocation points (73, 7;)(4,7 = 1,2) in each element, we get Au = 0. Moreover, in the

local coordinate system,
1

u‘ek =
where

2 2 3 2 3 2 3 3
¢ = (1,01,09,07 — 05,0102,07 — 30105,05 — 30709,0102 — 010%),

32+ 1 302 — 11 =202 —7 —30m2 —12 40 — 3672 18 —so  —24 7
-3 —1 11 —30m 20T + 7 30m +12  36m —40 —-18 s 24

T2 1—47’2 —67’2—1 —67’2—6 367‘2—4 S2 —6 —24

S_ —T1 47 — 1 611 + 1 671+ 6 4 — 3611 —S1 6 24
- —T1 671 + 1 47 — 1 —671 — 6 4 — 367 6 —s1 —24
T2 —6720 — 1 1—4r 672 + 6 3672 — 4 —6 S2 24

-3n—-1 20 +7 11-30py —-30m1—12 3671 —40 s1 —18 —24
3 +1 —20m—7 302 —11 30 +12 40—-3672 —s2 18 24

and s; = 1273 + 6, [ = 1,2. By Green’s theorem,

ou
Julfe, = | ugeds = (@h)Tu", (3.19)
€k

10



where 5 o6
T=—8 T—=d ) sT.
64 < dey, ¢ on
By straightforward calculation with Maple software, we have

2046 —205 -236 t; 278 117 236  t9
—205 2046 ta  —236 117 =278 ¢ —236
—236  to 2046 —-205 -236 t; —278 117
1 1 —236 —205 2046 to —236 117 278
1120 | =278 117 =236  t9 2046 —205 —-236 t;
117 =278 t1 —236 —205 2046 o —236
—-236 t1 =278 117 =236 19 2046 —205
o —236 117 =278 t1  —236 —205 2046

where

t = —604 + 441V/3, ty = —604 — 441/3.

The matrix %A — %T is symmetric and nonnegative definite since its eigenvalues are

3199 (77, /3509
27707 2'

i 80 80

01
727

Consequently, we have

- (uk)TAuk > %(uk)TTuk

NS

i.e.,
1
2 2
ullf e, n = 5 llullie, -
Similarly, we can show that 27" — %A is symmetric and nonnegative definite and therefore,
2 2
[ulli , n < 2llullte, -

Summarizing the above two inequalities over all the elements in IT;, leads to (3.17), which completes
the proof. H

Let uy be an interpolant to u such that, in each element e in Iy,
urle, € Paya, wr(zi) =u(z), 1<1i<8,
Aup(zf) = Au(zl), 1<j<4. (3.20)

By (3.18), we find that u; is uniquely determined by the condition (3.20) and therefore, u; = u
when u is a polynomial of degree less than 4. The error estimate of the interpolant w; follows
immediately from the classical interpolation theory.

Lemma 3.4 Assume that u € HY(Q) and uy is the interpolant of u defined by (3.20). Then
lu—urly < Ch3. (3.21)

Our main theorem on the error estimate of the nonconforming spline collocation method is
given below.

11



Theorem 3.5 Assume that u(z) € C5(Q) is the solution of (3.1) and uy,(z) is the nonconforming

spline collocation solution. Then
lu —uplly < ChE. (3.22)

Proof. By Lemma 3.3,

1/2
Jup, = urlly < V2|up — ugllip = V2 ( >l — ul”iek,h) :

er €11},

Let E = (e(21), e(22), ...e(zy, )T denote the error vector. Note that (ur —up)(z) = e(z), zi € Q.
From the definition of Ay, we have

ETAE = Y (~ne() - elz)

ZiEQh

=3 4h((AEej—')zi+(AEez—,)zi) -e(zi) (3.23)
ZiEQh ’ '

— N 4hETAE, =8 Y up — wrl3 e,
er€lly er€llp

where A, is the coefficient matrix of the system (3.5), E. = (e(2F),e(25), - e(25))T denotes the
error vector at the eight matching points on ey, and eji and e, are the two elements that share
the same matching point 2z;. By Lemma 3.2,

Huh — ZL[Hl § Chg.

Hence (3.22) is obtained from the above inequality and Lemma 3.4. 1

4 Numerical experiments

In this section, computational results are reported for four examples to show the accuracy and
applicability of the nonconforming spline collocation methods. Throughout, the computation is
performed on a Blade 1000 Sun-workstation in double precision.

Ezample 4.1 First we consider a simple example: the Poisson’s equation (3.1) in a unit square
domain. The right hand side function f(z,y) and the boundary condition are calculated from the
given exact solutions. We use a uniform square partition and the nonconforming spline collocation
method described in Section 3. Several error measures are defined by

lellor = ( [ (- un)dody)”
L2 — Q(u Uh) ray 3

lellzoe = max{lu(z) — un()I}

lelloo = max {|u(zi) — un(z)l},
ZiGQh

1/2
lellg = (/ (u— uh)2 dxdy + / |Vu — Vuh\2da:dy) .
Q Q
We present numerical results in Table 2 with three different exact solutions, where we have

listed errors and orders of accuracy in the norms defined above. It is clear to see that the accuracy
of the method in H! norm (equivalently in the energy norm defined in section 3) for all three
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cases is O(h?), which confirms our theoretical analysis in the above section. Numerical results
also show that the accuracy of the method are O(h*) in || - ||z2 and || - ||z~ norms for all three
cases and O(h*) in || - || norm for the first two cases, although we cannot provide the theoretical
analysis. More interesting is the superconvergence phenomenon that the accuracy of the method on
matching points for the third case is O(h°), which is better than those for the first two cases. The
main reason is that the solution in this case is harmonic, while orthogonal cubic spline collocation
method does not produce a higher order accuracy for harmonic functions.

Table 2. The accuracy of the method with square elements (Example 4.1, Gaussian type).

u = sin(7z) sin(7y)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
fell= | 4.020D-4 | 2.507D-5 | 1.566D-6 | _ 4.00
lellz: | 1.291D-2 | 1.634D-3 | 2.040D4 |  3.00
el = | 1.672D-3 | 1.168D-4 | 7.501D-6 | _ 3.96
lelloo | 2.859D-4 | 1.687D-5 | 1.038D-6 |  4.02
u = sin(x + 2y)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
llellrz | 6.436D-5 | 3.991D-6 | 2.489D-7 4.00
llellgn | 1.429D-3 | 1.790D-4 | 2.239D-5 3.00
lle|lzee | 1.534D-4 | 9.789D-6 | 6.291D-7 3.96
llelloo | 5.895D-5 | 4.009D-6 | 2.586D-7 3.95
u = 10e” cos(y)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
[ell= | 1.480D-4 | 9.266D-6 | 5.794D-7 | _ 4.00
ez | 4.103D-3 | 5.134D4 | 6.419D5 | 3.00
ez~ | 7.886D-4 | 5.162D-5 | 3.206D-6 | _ 3.97
Jellso | 8.098D-6 | 2.731D-7 | 8.050D-9 |  4.03

Table 3. The accuracy of the method with square elements (Example 4.1, non-Gaussian type).

u = sin(7z) sin(my)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
ez | 1.097D-2 | 2.806D-3 | 7.054D4 |  1.99
lell 7+ | 5.402D-2 | 1.304D-2 | 3.229D-3 |  2.01
el | 2.162D-2 | 5.580D-3 | 1.410D-3 |  1.99
lelle | 2.145D-2 | 5.582D-3 | 1.409D-3 |  1.99
u = sin(z + 2y)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
llel| 2 | 1.368D-3 | 3.518D-4 | 8.859D-5 1.99
el | 6.566D-3 | 1.641D-3 | 4.104D4 |  2.00
el | 2.551D-3 | 6.480D-4 | 1.626D-4 |  1.99
lello | 2.540D-3 | 6.473D4 | 1.626D4 | 1.9
u = 10e” cos(y)
error | h=1/4 | h=1/8 | h=1/16 | order (h®)
ez | 2.739D-3 | 6.876D-4 | 1.721D4 | _ 2.00
el | 1.287D-2 | 3.229D-3 | 8.087D-4 |  2.00
el | 5.819D-3 | 1.295D-3 | 3.159D-4 |  2.04
lello | 4.854D-3 | 1.237D-3 | 3.123D4 | 1.9
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Figure 4: The meshes with triangular elements (Example 4.2)

It has been noted that numerical accuracy of spline collocation methods depends upon the choice
of collocation points. Collocation methods on Gaussian points give better accuracy in general. We
present numerical results of the method with non-Gaussian collocation points in Table 3, where
71 = 0.4, 79 = 0.6 and the matching points are changed accordingly. It is obvious that the method
on non-Gaussian collocation points and non-Gaussian matching points is less accurate.

Example 4.2 We consider the same equation as in Example 4.1. Here we use a regular triangular
partition, which is shown in Figure 4. The nonconforming spline collocation method with (n¢,n,,) =
(1,3) and (ne,nm) = (6,9) are applied for solving the equation (3.1). Numerical errors are presented
in Table 4 and Table 5, respectively. In the case of (n¢,n,) = (1, 3), there are only three unknowns
at each element. Numerical results in Table 4 show that the accuracy of the method is in the order

Table 4. The accuracy of the method with triangular elements (n.,n,,) = (1,3) (Example 4.2)

u = sin(7z) sin(7y)
error | h=1/8 | h=1/16 | h =1/32 | order (h?)
Tel= | 9.248D-3 | 2.318D-3 | 5.797D-4 | 2.00
lellz: | 2.517D-1 | 1.259D-1 | 6.295D2 | 1.00
lell = | 3.794D-2 | 9.604D-3 | 2.408D-3 | _ 2.00
lello | 4.231D-3 | 1.068D-3 | 2.676D4 | _ 2.00
u = sin(z + 2y)
error | h=1/8 | h=1/16 | h=1/32 | order (h?)
Tel= | 5.894D-3 | 1.483D-3 | 3.730D-4 | _ 2.00
el | 1.227D-1 | 6.164D-2 | 3.086D-2 | 1.00
lell = | 2.194D-2 | 5.500D-3 | 1.403D-3 |  1.99
[ellso | 5.055D-3 | 1.364D-3 | 3.730D-4 |  1.87
u = 10e®cos(y)
error | h=1/8 | h=1/16 | h=1/32 | order (h?)
Tel= | 5.786D-2 | 1.471D-2 | 3.693D-3 | 1.99
el | 1.178D0 | 5.961D-1 | 2.992D-1 | 0.9
lell = | 2.655D-1 | 6.917D-2 | 1.759D-2 | _ 1.98
lello | 8:313D-2 | 2.316D-2 | 6.130D-3 |  1.92

14



of O(h?) for the norms of || - |12, || - ||z and || - || and in the order of O(h) for H' norm, which
have the same accuracy as classical linear FEM method. Numerical results for (n¢, n,) = (6,9)
exhibit that the method produces the accuracy O(h®) in the norms of || - ||z2, || - [z and || - ||s
and O(h?) in H' norm, which have the same order as classical fourth-order FEM method. The

freedom of the nonconforming spline collocation method at each element is 9.

Table 5. The accuracy of the method with triangular elements (n.,n,,) = (6,9) (Example 4.2)

u = sin(7z) sin(7y)

error | h=1/4 | h=1/8 | h=1/16 | order (h%)
ez | 7.605D-5 | 2.296D-6 | 7.081D-8 5.02
lell o | 2.043D-3 | 1.254D-4 | 7.784D-6 1.01
el | 2.727D-4 | 8.347D-6 | 2.591D-7 5.01
lelo | 4.218D5 | 1.271D-6 | 3.926D-8 5.02
u = sin(z + 2y)
error | h=1/4 | h=1/8 | h=1/16 order
llellz2 | 3.486D-7 | 1.124D-8 | 3.562D-10 4.98
lle|l g1 | 1.586D-5 | 1.017D-6 | 6.424D-8 3.98
lle||zee | 2.670D-6 | 8.538D-8 | 2.750D-9 4.96
llelloo | 3-999D-7 | 1.464D-8 | 4.749D-10 4.95
u = 10e®cos(y)
ertror | h=1/4 | h=1/8 | h=1/16 order
lellz> | 2.434D-6 | 7.465D8 | 2.310D-9 5.01
lell 2 | 1.220D-4 | 7.546D6 | 4.680D-7 1.01
lell = | 2.418D5 | 8.262D-7 | 2.709D-8 193
[ellso | 2.631D-6 | 9.088D8 | 3.050D-9 |  4.90

Ezample 4.3 (compressible flow) Next we consider the symmetric flow of an inviscid irrotational

compressible fluid over a 6% thick circular airfoil. In the dimensionless form, this flow is described
by
0o\ 0%  0%¢
1—M2 —M2(1 —)— — =
(1-22-M2a+5 ) 5 + 50
where ¢ is the perturbed velocity potential, M, the free stream Mach number, and v the ratio of
specific heats. The boundary conditions are given by

%

0, (4.1)

o =Y (x) on the airfoil,

0

a—¢ =0 on the line of symmetry,
n

¢=0 at infinity ,

where the function g(x) describes the geometry of the circular airfoil.

Numerical simulation of the compressible flow was made in [8] by using Galerkin method and
least squares method in [24] by an orthogonal spline collocation method with rectangular meshes,
where the computational domain is a rectangle under certain assumptions. The experimental mea-
surement was also made by Kenchtel [13] at NASA. We apply the nonconforming spline collocation
method for solving this flow problem in a non-rectangular domain.
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Figure 5: The mesh for the compressible flow

Due to the nonlinearity of equation, an iterative scheme is defined by

) 2 99"\ 9%¢"
2L 29 a2 (1401402
Ox? + Oy o |1+ (1+7) Ox | 0x2’

where ¢° is the initial guess. The nonconforming spline collocation method with (n¢,n.,) = (1,3)
are used to solve the flow problem. The computational domain and a triangular mesh are given
in Figure 5, in which more elements are placed around the airfoil. The convergence criterion for
the iterative process is that the relative change in the local Mach number between two consecutive
iterations should be less than a prescribed value ¢, i.e.,

MEFD _ prk)
max |<e

2 <. 42
all points| M) n (4.2)

where M = V/a is the local Mach number, V = ((1 4+ ¢,)? + ¢?2J)1/2 is the local speed, and a the
local speed of sound calculated from

9 1 o 1 1

Mach numbers of My, = 0.806 and 0.840, all within the shock-free regime, are considered. The
guessed value of ¢° = 0 is used throughout the domain. The iteration is terminated when the
criterion is met with ¢ = 1073. The pressure coefficient plot of C,, = —2u for these two different
Mach numbers is given in Figure 6. In the plot, the experimental measurements done in [13] are
compared with the collocation results. The convergence is achieved in 17 iterations for both cases.

Ezample 4.4 (Elastic plate) Finally, we examine a two-dimensional benchmark problem in linear
elasticity, a thin square elastic plate of the dimension 6 x 6 with a hole of the radius r = 1.41. The
plate is stretched at the top (y = 3) and at the bottom (y = —3) by a constant tension and traction
free is in the rest of the boundary. Due to the symmetry, only a quarter of the plate is described in
Figure 7. Here we assume that the plate is a homogeneous isotropic elastic body with £ = 2900,
v = 0.4 and plane strain conditions [1].

The nonconforming spline collocation method with (n¢,n,) = (6,9) is applied for solving
elasticity equations. The computational domain and two triangular meshes are given in Figure 8,
in which more elements are placed around the circular boundary.
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Figure 6: Pressure coefficient along the airfoil
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Figure 7: An elastic plate with a circular hole

Figure 8: The mesh for elastic plate

17



Numerical results of displacements at some special points are presented in Table 6, compared
with results obtained by a standard FEM code [1] with a combination of triangular and quadrilateral
elements and 1122 degrees of freedom. Our method is of higher order accuracy.

Table 6. The comparison of numerical results (Example 4.4)

Methods | FEM [1] | collocation (mesh I) | collocation (mesh IT)
u1(1.41,0) | -1.618e-3 -1.614e-3 -1.626e-3
us(0,1.41) | 2.648¢-3 2.651e-3 2.665¢-3
u1(3,1.5) | -1.210e-3 -1.217e-3 -1.220e-3
u2(1.5,3) | 1.858e-3 1.858e-3 1.872e-3

5 Concluding remarks

We have reformulated the spline collocation method proposed in [9] and show theoretically the
existence and the optimal error estimate of numerical solution on a rectangular mesh (element).
Our numerical simulations illustrate that the method is of high-order accuracy and ease of im-
plementation. Based on our formulation, analysis and numerical results, we have observed many
interesting features.

In the nonconforming spline collocation method, the numerical solution is re-expressed in (2.3),
by using the local elimination (condensation) technique. The differential operator L has been
implicitly embedded in the basis functions ¢;. The discrete system (2.4) is obtained by enforcing
the solution being continuous on matching points. The relationship between spline collocation
methods, finite difference methods and finite element methods have been studied by many authors.
This nonconforming spline collocation method could be viewed as a numerical method which has
a good connection with both finite difference method and finite element method. In our analysis,
the nonconforming spline collocation method on a rectangular mesh is equivalent to a special high-
order finite difference method. The truncation error and the error in a energy norm are obtained
in Lemma 3.2, in terms of a typical finite difference approach. However a standard finite element
analysis, Green’s formula, is applied to obtain the optimal error estimate in (3.17) and Theorem
3.5. On the other hand, classical finite element method is based on the Green’s formula. Due to
the nature of the nonconforming spline spaces, we have

Z / vAwdzdy = Z / —vds— /Vw Voudzdy . (5.1)

er€lly e €1l aek e €1l

When w = u; — up,
Aw(zc,i) = 0,

and both w and ‘g—ji: are continuous on matching points. This implies that the left side of (5.1)
depends upon the collocation points and the first term in the right side of (5.1) is related to the
matching points. Moreover, in some cases, such as the triangular elements with (n¢,n,) = (1,3)
and (n¢,ny,) = (6,9) and the rectangular element studied in section 3, Aw = 0. In addition, the
collocation system defined in (2.4) seems much different from those finite difference systems and
finite element systems. Our analysis in section 3 shows the equivalence between a spline collocation
system and a special finite difference system. Also one can see from (5.1) some relationship between
the collocation system and FEM system. The error analysis of nonconforming finite element meth-
ods with either trangular and quadrilateral meshes has been well done, where the error function on
the interface of elements can be estimated. However, the spline collocation is based on a discrete
form of (5.1). The error estimate on the interface of elements is difficult in the general case.
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