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The multistage stochastic programs can be solved if the underlying stochastic process is 

approximated by a scenario tree. The correlation matrix is usually used to describe the dependence 

between the stochastic variables in a multivariate structure. Due to assumptions of using the Pearson’s 

correlation coefficient, the usefulness of such correlations is restricted. In statistics and finance the 

alternative method – copula-based dependency measure (Embrechts et al. 2002, Aas 2004) – has been 

used for some time. The main advantage of employing copulas is the possibility to model the nonlinear 

dependencies between non-elliptically distributed stochastic variables. To our knowledge, the copulas 

still are not very popular in generation of scenario trees. According to this, we propose to approximate 

the multivariate stochastic process by a scenario fan with multivariate structure using copulas. Then, 

the form of scenario tree is constructed out of individual scenarios using a cluster analysis. In the 

analysis, some copulas with different features are employed. While investigating the copula effect on 

the scenario tree structure, at least theoretically, we consider the question of whether the copula 

features are captured in the approximate representation of the underlying stochastic process in the form 

of scenario tree. Such generation of scenario tree can be useful in cases when it is difficult to construct 

the adequate scenario tree from the stochastic differential equations or time-series models; and the 

sampled paths can be obtained by sampling or resampling techniques, using copulas as a dependence 

measure. The discussed way of scenario tree generation is explained below in more details. 

Stochastic programming models. The concept of scenarios is usually employed for the 

modeling of randomness in stochastic programming models, in which data evolve over time and 

decisions have to be made independent upon knowing the actual paths that will occur. Such data are 

usually subject to uncertainty or some kind of risk. For instance, the random variables are the return 

values of each asset on an investment in portfolio management problems, and the investment decisions 

must be implemented before the asset performance can be observed. Each scenario can be viewed as 

one realization of an underlying multivariate stochastic data process. The modeling of randomness 

employees the set of available past data with the aim of building sub-models for each individual 

stochastic parameter. These sub-models are then used to generate a set of scenarios that encapsulate the 



consistent depictions of pathways to possible futures based on assumptions about economic and 

technological developments. Thus, the factors driving the risky events are approximated by a discrete 

set of scenarios, or sequence of events.  

Scenario generation. A good approximation of the 

underlying stochastic process may involve a very large 

number of scenarios and their probabilities. This process is 

known as scenario generation. There are a lot of scenario 

generation methods, see for example (Dupačová et al. 2002; 

Pflug 2001; Yu et al. 2003). They are based on different 

principles: conditional sampling, moment matching, path based methods, optimal discretization. A 

better accuracy of uncertainties is described when scenarios are constructed via a simulated data path 

structure, also named as scenario fan (Hibiki 2003) (see Figure 1). 

Scenario tree construction by K-means clustering. According to the complexity of stochastic 

programming model, the scenario tree structure (see 

Figure 2) is used as an input to the stochastic 

programming model. Due to this, in this paper we 

propose to generate a scenario tree out of individual 

scenarios fan, using the cluster analysis. An approach 

similar to our work is introduced in the article 

(Dupačová et al. 2000), but without a detailed 

clustering algorithm. According to this, we propose the 

strategy to generate multistage scenario tree from the 

set of individual scenarios by bundling scenarios based on 

the K-means clustering method (Kaufmann and 

Rousseeuw 1990). This method was modified to cluster 

the data paths, capturing the inter-stage dependence, in 

order to model the sequential decisions. In the Figure 3, 

the idea of bundling the scenarios to the clusters is 

depicted. The fan of 11 scenarios is schematically 

illustrated. At time 0=t  all these scenarios (which are the 

same) form the root of the tree. Next, two clusters are 
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Figure 1. Scenario fan  
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Figure 2. Multistage scenario tree 
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Figure 3: Illustration of 3-stage Tree 
Construction 



formed by the first iteration of proposed clustering algorithm. It results that we have six and five 

scenarios in each cluster. The centers of each cluster are computed, which represent the one-level nodes 

at time 1=t . Two black points denote the nodes corresponding to the conditional decisions. The 

formed clusters are then divided into sub-clusters in the next time period 2=t . We have four, two, 

three and two paths in each cluster, representing two-level nodes, since the centers are calculated. 

These nodes are denoted by four black points in the scenario tree. Such strategy of bundling scenarios 

to the clusters continues till the end of time horizon is reached. Joining the black points by line, the 

scenario tree structure is obtained.  

The numerical example. In the paper (Pranevicius and Sutiene 2006) the effect of using two 

copulas – Gaussian and Student’s t2 – as the dependence measure between real interest rate and 

inflation rate was investigated on the scenario fan of asset returns. The authors employed the 

multivariate Hibbert, Mowbray and Turnbull (HMT) stochastic asset model for long-term financial 

planning (Hibbert et al. 2001), where the nominal interest rates are modeled as a function of both real 

interest rates and inflation rates. In this paper the proposed scenario tree generation based on HMT 

model will be demonstrated. The effect of these two copulas – Gaussian and Student’s t2 – will be 

investigated on the scenario tree structure of nominal interest rate. 
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