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Abstract—This paper presents models of ultimate theory, we refer for example to Makroglou (2003)
ruin theory in the form of 1st order integro-differential ~ ([12]).
equations and systems of such equations (cf. Albrecher and
Boxn.]a (2004), DICkSC.m and Gray (198‘.1)’ bl afnd The notation used is that of Dickson and
Drekic (2003)), and gives some numerical results obtained ] )
from the direct solution of one of them (Albrecher and Waters (2002) ([6]) which was also followed in

Boxma (2004)).

Makroglou (2004) ([13]). So we let:

Ul(t) surplus procesg, > 0
u initial surplus
. INTRODUCTION , :
X; amount of the; — th claim
In a recent article (Makroglou (2004) ([13]), N(1) counting process for the
models of ruin theory in the form of second number of claims up to time
order integro-differential equations were presented S(t) the accumulated claims process
together with the computational treatment of one T, random variables for the
of them by collocation methods. claim inter-arrival times,
1=1,...,00
This paper presents models applying to T time to ruin
ultimate time ruin theory which are in the form of c insurer's premium
first order integro-differential equations and systems income/unit time assumed to be
of such equations. For a brief bibliographical received continuously and such
overview of methods of solution of integral and that cE(T}) > E(X,),Vi
integro-differential equation models used in ruin F distribution function of

+ Correspondence to: A. Makroglou.

X; with density functionf



We also let: equations can be found for example in the papers

w(u) = Pr(T < oo) the probability by Dickson and Gray (1984) ([3]), Peters and
of ultimate ruin from Mangel (1990), Makroglou, Harper, Smith (2000)
initial reserveu ([14]), Lin, Willmot and Drekic (2003) ([10]),

¢plu) = 1 —_¢(U) the prgbability of Albrecher and Boxma (2004) ([1]), Dickson and
ultimate non-ruin Waters (1996) ([5]), Mller (1996) ([17]), Michaud
from |n|t|al' reserveu (1996) ([15]).

b} © non negative parameter

(interest force, or

_ The general form of a first order Volterra
a dummy variable)

integro-differential equation (VIDE) is

my = E(Xf)
For the classical risk model we have: y'(z) = G(%y(x)a/ K(z,s,y(s))ds, (1.3)
0
U(t) =u—+ct — S(t) (1.1) 0 <z < X,y(0) =y, (1.4)
where wherey(z) is the unknown function and:, K are
N(t) given functions. Methods of numerical solution
S(t) =) X (I.2) include quadrature methods, linear multistep
=1

methods, collocation methods, defect correction

The accumulated claims proceiss(t) },>o is @ COM- methods, Galerkin methods. For an introduction to
pound Poisson process with Poisson paramaterthe subject we refer for example to the books by
The claim sizesX;,i =1,2,..., N(¢) are assumed | jn7 (1985) ([11]) and by Brunner (2004) ([2]).
to be independent and identically distributed.

For continuous risk models where the risk This paper presents three examples of models
process is a variation/extension of the classicg{ \itimate ruin theory in the form of first order
compound Poisson process, see for example Digktegro-differential equations which were originally

son and dos Reis (1997)([4]), Ktbpelp_erg and presented in the papers by Dickson and Gray (1984)
Stadtniiller (1998) ([9]), Stanford, Stréaski and ([3]), Lin, Willmot and Drekic (2003) ([10]), and

Lee (2000) ([20]), Kalashnikov and Konstantinideg precher and Boxma (2004) ([1]) (section II),
(2000 ([8], Lin, Willmot and Drekic (2003) ([10]). together with computational results obtained from
Other types of continuous risk models includg,e numerical solution of one of them, a model by

ohes Whgre the risk process is perturbed by Browiprecher and Boxma (2004) ([1]) (section III).
nian motion (cf. Schlegel (1998) ([19])) and oneggnclusions may be found in section IV,
which allow for the insurance company to invest

part of the surplus in bonds and part in the stock
market (cf. Gaier and Grandits (2004) ([7])), or
. . . |l. DESCRIPTION OF SOME ULTIMATE RUIN

allow dependence between claim sizes and claim
intervals (cf. Albrecher and Boxma (2004) ([1])). MODELS IN THE FORM OF FIRST ORDERVIDES

For an introduction to models of the claims In this section we present three models from
number process and the claim size distributions, s papers by Dickson and Gray (1984) ([3]) in
for example Mikosch (2004) ([16], chapters 2, 3).section 1.1, Lin, Willmot and Drekic (2003) ([10])

Ruin theory models for the ultimate timen section I1.2 and by Albrecher and Boxma (2004)
case in the form of first order integro-differentia{[1]) in section 11.3.



A. The Dickson and Gray (1984) ([3]) example The VIDE (11.2)-(1.3) is solved by

Dickson and Gray (1984) ([3]) consider a suffansformation to an ODE ir¢ of order 2 in
plus process of the form (I.1)-(1.2) in the presené@e case of the exponential distribution (11.4), of
of an absorbing upper barrier at some > 0. It ordera + 1 in the case of the Gamma distribution
was assumed that the time interlup to the first (I.5) and of ordern + 1 in the case of the mixed
claim and the time lengthg; between successiveeXponential distribution (I1.6). Lettings — oo,
claims are independently and identically distributed % /) — ¢ (u). So their results provide us also

with distribution function with formulas for ¢ (u) the ruin probability with
no upper barrier.
At) = 1—e. (1.1)
Thus N(t) the number of claims up to time is Exact solutions

Poisson distributed witl’ (N (¢)) = ¢. {S(t)}+>0the 1. Case of the exponential distributiofi(z)
accumulated claims process is a compound Poisson given by (11.4).
process with parameter. ¢, the premium income

per unit time was assumed to be constang 1 + The exact solutiorg(u, K) of (11.2)-(11.3) is

0, wheref > 0 is the constant premium loading. given be ([3], p. 175),

The.y_lfatf(u, K) dehote the probability of ruin from £(u, ) = by + by (11.7)

an initial reserveu in the presence of an absorbing Rk

upper barrier atk’. The first order VIDE satisfied bo = —bre 7, (11.8)

by &(u, K) is ([3], p. 175) by ={(1—-R)"" —e ™} (11.9)
—(1 40 (u, K) + £(u, K) = (11.2) where R is obtained from the Lundberg’s

equation

/Ouf(x,K)f(u—x)dx—l—l — F(u),

§(K,K)=0.  (I.3) 1+(1+6)R=(1—-R)"".  (1.10)

The authors find the exact solution of (11.2)- 2. Case of the Gamma distributiafi(z) given

(1.3) in three cases: by_ (11-5). o _

(i) Case of the characteristic equation of

Flz)=1-¢"", ) (1.4) the corresponding ODE satisfied by

z ,a—1_-y/B .
_ y- e ¢(u, K) having real roots only.
F(z) = ———dy, 1.5 ’
@ = [ Yt 0
Flz)=1- iaje_gjz7 (11.6) In this case the exact solutiof(u, K)

of (11.2)-(11.3) is given by ([3], p. 178),

j=1
wherex > 0. In (11.5) F'(x) is a Gamma distribution

) : . . JK) =byo+ Y bie e (1111
with o assuming positive and integral values ahd §u, K) = bo 121 ‘ ( )

a scale parameter chosen equallfox so that the where (3], p. 179)
distribution has unit mean. In (11.6)/(x) is a mixed N
exponential distribution provided thit:?zl aj =1; by = — Z bie B K (11.12)
the constants?; in (11.6) are such that < 3, < i=1
By < ... < Buya; > 0,j = 1,2,...,n and - b,

bo+) —— =1, (.13
it is assumed thad " (a;/08;) = 1 so that the ’ ; (1 —BR;)! (1113)

distribution has unit mean. i=12 ... «,



and theR; are the (positive) roots of the

equation

14 (14 6)R; = (1 — BR,)~*. (1.14)

real and complex roots- (real roots and
2d complex roots—p; =+ ig;).

In this case the solutiorf(u, K) of
(11.2)-(1.3) is given by ([3], p. 181)

E(u, K) = by + Zbie_Ri“ +
i=1
d

Z e Pi"(~y; cos gju + d; sin gju)(11.15)
j=1
where the coefficients;, ,, §; are found
from ([3], p. 181)

d i [n/2] n
+ 1
; 9 ; <2t>
( 1)t<1 — Bp)"” Qt(ﬁ%)
[n/2]
B ~ g ; <2t—1>
(_1)t+1( _6pj)n_2t+1(6(b)2t_17
n=12 ..., a. (11.16)

3. Case of the mixed exponential distribution
F(z) given by (11.6).

(i) Case of the characteristic equation of
the corresponding ODE having both

In this case the exact solutigiiu, K) of the
VIDE (I1.2)-(11.3) is given by ([3], p. 182,

183)
Eu, K) =bg+ Y bie ", (11.19)
=1
where theb;’s are found from
zﬁk
1=10by+
’ Z B —
k_1,2,..., n, (11.20)

the b, is found from (11.19) usind (K, K) =
0, and theR;’s (known to be distinct, real and
positive in this case) are found from

+(1+0)Ry = Zﬁo‘fﬁﬂ

k=1,2,....,n. (1.21)
B. The Lin, Willmot and Drekic (2003) ([10]) ex-

ample

Lin, Willmot and Drekic (2003) ([10]) con-
sider the classical compound Poisson risk model
in the presence of a constant dividend barrer
and they derive and solve an integro-differential
equation for the Gerber-Shiu discounted penalty

and whereb, is determined by (I1.15) function

using§(K,K) =0andR;,i =1,...,r
and p;,q;,7 = 1,...,d satisfy ([3], p.
180)
1+ (14+0)R; =
1=1,2,...,7
1+ (1+0)(p; +ig;) =
(1= B(p; £ig;))"",
j=1,2,....,d,

(1-pBR)"
(1.17)

(11.18)

andg; = (1 — 0p;)? + (Bg;)*.

my(u) = E{e™"™ w(Uk(Tx—), |Ux(Tk)|)

1(Tx < 00)}(11.22)

wherel(Tx < o0) =1 if Tk < oo, and equal td
otherwise,Tx = inf{t : Ux(t) < 0}, the first time
that the surplus becomes negative (time of ruin),
0 >0, w(xy,29),0 < z1,79 < 00 @& nonnegative
function.

It is shown ([10], sections 3, 4) thatx (u) is
a linear combination of the Gerber-Shiu discounted



penalty function without barrier and a solution to athen the time until the next claim is exponentially
excessive or proper defective renewal equation. Réistributed with rate\,, otherwise it is exponentially
sults are given for several special cases@f;, z5). distributed with rate\,. It is also assumed tht; }
Special cases of claim amount distributions considre independent and identically distributed random
ered are those of exponential and mixture of tweariables with distribution functiorf (-).

exponential distributions. The system of integro-differential equations
The IDE for mg(u) ([10], p. 553, equ. 2.6), given for ¢;(u), i = 1,2, the probability of survival
is: with initial reserveu, given that the first claim

occurs according to the exponential distribution with

/ _ A b
mie(w) = =2 [ milu=)ar(y) rate \;, are (1], p. 246)

+)\T+6mK(U) - %C(u),o <u<K, (I.23) ) e (1) — M (v)
C(t) = /Oow(t7y —H)dF(y)  (11.24) +)\1/0 P(H < y)pi(u—y)dF(y)
A ¢ B B
mic(K) = =57 (K), mig (K) = 0 (11.25) +h /0 P(H > y)¢pa(u | y)dF(y) =0, (11.26)
wherec = Ap;(1 + ) is the premium rate per unit u ey () = Aotz (u)
time, p; = [, ydF(y), andd is the relative security +>\2/ P(H < y)p1(u — y)dF (y)
0

loading. u
Extensions to the stationary renewal model are +>‘2/0 P(H > y)¢2(u — y)dF(y) = 0. (11.27)

also given in [10], section 7, p. 563-565, Wherg nymber of variations of this model are considered

a system of an integral and integro-differentighgether with several examples in the Albrecher and
equation formg, ,(u), the Gerber-Shiu discountedggyma (2004) ([1]) paper.

penalty function in the renewal risk model and for

mp, .(u), the Gerber-Shiu discounted penalty func- 1. N UMERICAL RESULTS

tion in the equilibrium renewal risk model respec- Numerical results are presented for one exam-

tively is given. In addition, theny .(u) function is ple, that of the system of VIDEs (11.26)-(11.27) from

expressed in terms ofix . (u). the paper of Albrecher and Boxma (2004) ([1], p.
246), and in particular

C. The Albrecher and Boxma ([1]) example

Albrecher and Boxma (2004) ([1]) consider ¢ (u) = ﬁ<Z51(U)
a generalization of the classical risk model, A [ ¢
where the distribution of the time between two -/ [P(H < y)d1(u—y)
claim occurences depends on the size of the + P(H > y)do(u—y)]dF(y), (l.1)

previous claim (claim sizes - claim inter-occurence
times dependence risk model). They derive exact
solutions for the probability of survival using
Laplace-Stieltjes transforms.

, A
Gh(u) = 2 a(u)
)\ u
= P < y)dn(u—y)
0

In one of their models (Model 1), the claim + P(H > y)da(u—y)ldF(y).  (I1.2)
occurence process is assumed to be such that if UsingH(y) =1—e ™ andF(y) =1—e "
a claim X; is larger than a certain threshold;, and settingw = u — y, we obtain



A
61 (u) = 1 (u)
_ M “[e,v(u,w)(bl(w)

¢ Jo
— e Wmw g ()
+ e W) ) ()] duw, (111.3)

Sy(u) = “2n(w)

A/U “ —vlu—w

_ 22 e ( )¢1(w)
¢ Jo

— e Wtmw g ()

+ eI ) (w)]duw. (111.4)

1)
C:2,A1:3,)\2:1,,U/:2,U21.

¢1(z) =1 —0.007e>101=

—  (.938¢0-0652 (111.5)
po(x) = 1 —0.003¢ 101
— 0.867¢ 0005 (111.6)

([1], Example 3, p. 252).
)
c=2 =1L =2,u=10v=1.

d1(z) = 1 — 0.632¢ 03957

+ 0.017¢ 1889 (1.7)
Po(x) = 1 — 0.798¢ 3
+ 0.028¢ 1889 (111.8)

([1], Example 4, p. 252).

The true solution of (lll.3)-(lll.4) was
used to find ¢1(0),¢2(0). In the Albrecher
and Boxma (2004) ([1]) paper, formulae fo
gbl( ) ¢2(0) are given in terms of c, )\1,)\2,

j‘o 7st dF fo fs:r
H( ))dF( ) ando, the unlque zero wittR(o ) >0
of

(o s )
cs +
(w+s)v+p+s)
(i)
cS + ——
U+u+5
)\1)\2,[”) -0

(v pu+s)2(v+s)

The numerical results in the following tables
show computed values af;(x) and ¢s(z) in the
first and the second row respectively, for 3 step sizes
(h=0.1,h = 0.05,h = 0.001). They were obtained
by using collocation (COL) methods withh = 2,
and collocation parameters = 0, ¢,,—o = 1 which
makes the method equivalent to the trapezoidal
method.

Table I11.1 shows results for example (1), and
Table 111.2 results for example (2).

Absolute errors were computed far = 0.1
and h = 0.05 using the results foh = 0.001 in
place of the true solution; using these results, the
expected order of convergence from the application
of the trapezoidal methodX(h?)) was verified. To
use the actual true solution for testing the order
of convergence of the method, recalculations are
needed to find the coefficients involved in more
decimal places than the three (3) given in the
Albrecher and Boxma (2004) paper.

TABLE 111.1

EXAMPLE (1)

x h=0.1 h =0.05 h =0.001 | true sol
0.1 | 0.06293918 | 0.06293005 | 0.06292703 | 0.063
0.13635682 | 0.13635288 | 0.13635158 | 0.136
0.5 | 0.09047265 | 0.09050087 | 0.09051027 | 0.091
0.15976651 | 0.15977251 | 0.15977455 0.160
1.0 | 0.12075395 | 0.12098261 | 0.12105873 0.121
0.18675515 | 0.18680568 | 0.18682259 | 0.187
1.5 | 0.14942784 | 0.15008769 | 0.15030708 | 0.149
0.21244199 | 0.21255107 | 0.21258751 0.214
2.0 | 0.17743935 | 0.17891589 | 0.17940610 | 0.176
0.23712850 | 0.23728741 | 0.23734045 | 0.239




TABLE 111.2 ) ) )
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Insurance: Mathematics and Economics, 19 (1996), 61-80.
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EXAMPLE (2)
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0.60638524 | 0.60638524 | 0.60747044 | 0.608 1998, 49-58.

[10] X. S. Lin, G. E. Willmot, S. Drekic, The classical risk model
with a constant dividend barrier: analysis of the Gerber-Shiu
IV. CONCLUSIONS discounted penalty function, Insurance: Mathematics and Eco-
nomics, 33 (2003), 551-566.
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