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Abstract

In this article we study the replication of options in security markets with
a finite number of states.

It is known that the spacé&} (X), generated by all the possible options
written on the elements (marketed securities) of the marketed spasén
general bigger than the space of marketed securifiasd usually it is equal
to the payoff spac®™ but in many case$’ (X) is a proper subspace of
R™. If X is a sublattice oR™ (i.e. X is closed under the operations of
supremum and infimum), it is known that = F; (X)) therefore any option
is replicated. But this case is a very rare. In the present article we study
the existence of subspaces (submark®t®)f X so that any option written
on the elements oY to be replicated and also we waritto be as large
as possible. So we study the existence of maximal subspaces of this type
which we call maximal replicated submarkets or subspaces. We show that a
subspacé&” of X is a maximal replicated subspace if the completfgY")
of Y is contained inX and alsdY” = F; (Y'). In this article we use the theory
of lattice-subspaces and positive bases and we find a very easy method by
means of which we determine exactly the maximal replicated subspaces of
X.

JEL Classification : C600, D520, G190

1 The economic model and some essential notions

In this article we study a two-period security market with a finite number of states
Q2 =1{1,2,...,m} during the datd, a finite number of primitive securities (assets)
with payoffs the linearly independent vectars xs, ..., z,, of the payoff spac®™.
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A portfolio is a vectod = (6, 6, ...0,,) of R™ whered; is the number of the units
of thei security. Therll'(§) = > ;" , 6;z; € R™ is the payoff of . Since the
operator!’ is one-to-one, it identifies portfolios with their payoffs. So the vectors
x1, 22, ..., £y, Will be mentioned aprimitive securities, the subspace

X = [z1,22, .0y Tp),

of I/, generated by the vectars as thespace of marketed securitie®r theasset
spanand the vectors oK will be also referred as portfolios. We assume that the
riskless bond is contained inX. A vectorz € R is marketedor x is replicated

if it is the payoff of some portfoli@, or equivalently ifxr € X.

Recall that the vector spaf®™ = {z = (z(1),z(2), ...,z(m))|z(i) € R foreachi }

is ordered by the pointwise ordering i.e. for anyy € R™ we have:z > y if

x(i) > y(i) for eachi. R = {x € R™|z(i) > 0 for each } is the positive cone

of R™. Foranyz,y € R™ z Vy = (z(1) Vy(1),z(2) Vy(2),...,z(m) V y(m))

is the supremum and A y = (z(1) A y(1), z(2) Ay(2),...,z(m) Ay(m)) is the
infimum of {z,y} N R™. 2+ =2V 0= (2(1) V0,z(2) VO,...,z(m) v 0) and

x~ = (—z)VO0 are the positive and the negative partoNote also that for any two

real numbers, b, a vV b is the supremum andA b is the infimum of{a, b}. Alinear
subspaceZ of R™ is asublattice or aRiesz subspacef R™ if forany z,y € Z,

x Vyandz Ay belong toZ. Also for anyz = (z(1),z(2),...,x(m)) € R™, the
setsupp(z) = {i = 1,2,...,m|x(i) # 0} is the support of.

For any subseB of R™, thesublattice S(B) of R™ generated byB is the in-
tersection of the sublattices & which containB. Theriskless bond1 is the
vector of R™ whose every coordinate is equal to 1. Tdadl option written on the
vectorz € R™ with exercise price: is the vectore(z,a) = (z — al)™ of R™

and theput option of = with exercise price: is p(z,a) = (al — z)™. We have
x—al=c(z,a) —p(x,a).

If both ¢(x, a) > 0 andp(z, a) > 0, we say that the call optiof(z, a) is non triv-

ial and ifc(x, a), p(z, a) belong toX we say that(z, a), p(x, a) are wreplicated.

The completion by optionsof X is the subspace @&™ which arises inductively

by adding in the market the call and put options of the marketed securities and by
taking again call and put options which are added again in the market. In [3] a
mathematical definition of the completion by options in infinite securities markets
is given. Especially in the above article, a more general study of the completion by
options of the market is presented were the options are not taken with respect to
the riskless bond but with respect to some risky vectors from a standard subspace
U of R™ and the completion by options of is denoted byF;(X). This study

is very general and includes the case of exotic options. In the classical case where
the options are taken with respect to the riskless bigride completion by options



of X is denoted in [3] byF} (X) and we will preserve this notation in the present
article. In [3] it is proved that if the payoff space is a general vector laffitken
Fy(X) is the sublattice o2 generated by the séf U U. In our case where the
payoff space is the spa&®™ and the call and put options are taken with respect to
the riskless bond, the completion by optiong; (X) of X is the sublattice oR™
generated by the s&f U {1}. In the case where € X, F;(X) is the sublattice of

R™ generated by the s&f. In the above results and also in the results of the present
article, the theory of lattice-subspaces and positive bases developed by Polyrakis in
the papers of the bibliography is very important. This theory simplifies and unifies
the theory of options.

In the present article we study the existence of subspdagthe marketed space

X so that any option written on the elementgofo be replicated. In this cadéis

a submarket so that any option written on a portfolio of securitiés td be repli-
cated by a portfolio of marketed securities. We want also this market to be as larger
as possible so we are looking for maximal replicated submarkets (subspacgs of
As we have noted in the introduction, we develop a method which determines the
maximal replicated subspac&sof X. Especially we determine a positive basis
{d;} of Y. The elementg; of this basis are securities which generate the portfolios
in Y. In [5], the next characterization of markets without binary vectors is proved:
X does not contain binary vectors if and only if for any non-constant vectorX

(i.e. for anyx which is not a multiple ol) at least one non-trivial option of is
non-replicated.

So is X contains binary vectors, the only replicated subspac& dé the one
dimensional subspace generated by the riskless boAdso in the case wher&

is a sublattice oR™ then any option is replicated, therefdfg(X) = X and the
whole marketX is replicated.

In the case where the mark&tcontains binary vectors and alsbis not a sublat-

tice of R™, there exist non-trivial maximal replicated markets and this is the case
we study in the present article.

For a study of the two-periods security markets we refer to the book of LeRoy and
Werner (2001), [4]. We refer also to the articles of Ross [9], Aliprantis-Tourky [1]
and Baptista [2].

2 The completion by optionsF; (X) of X

In this section we describe the method of determination of the completion by op-
tions of X, which is denoted by (X ), as it is presented in [3]. According to this
method we consider the set

O + o
A={a] 27,23, 25,...,2,),2,,1}.
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Any maximal subsefyi, yo, ..., yr } of linearly independent vectors gfis abasic

setof the market, wherej, x,; are the positive and negative parts of the vectors

x;. Note that a basic set is not necessarily unique. In general it is possible to find
different basic sets of the market but all these sets have the same cardinal number
r. Especiallyr is the dimension of the linear subspacdsf generated byd and

a basic set is a basis of it.

Theorem 1 ( [3], Theorem11). F;(X) is the sublattice oR’™ generated by a
basic se{y1,ya, ..., y,} of the market.

After this result we use the theory of lattice-subspaces and positive bases developed
by Polyrakis in [6] and [7] for the determination &f (X). Since Fy(X) is

a sublattice ofR™ which containsl, we have thatFy (X) has a positive basis
{b1,b2, ...,b,} which is apartition of the unit, i.e. the vector$; have disjoint
supports and__; b; = 1, see in Theorem 14 of the Appendix. This basis is
unique. So we have:

Theorem 2. F;(X) has a positive basi§b;, by, ..., b, } which is a partition of the
unit.

For the determination of the positive bagts} of £ (X) which is a partition of the

unit we follow the steps of Polyrakis algorithm, see Theorem 16 in the appendix,
where a positive basis of the sublatticeRf* generated by a finite set of positive

and linearly independent vectors is determined. We start by the determination of a
basic function set ofy;, yo, . . ., y, } of the market. In the sequel we determine the
basic function of 41, 4o, . . ., ¥ Which is very important for the theory of lattice-
subspaces and positive bases. This function has been defined in [6] and is the
following:

N (@) y2(i)  we(d)
80 = (565 300 5

wherey = y; +y2 + ... + y,. This function takes values in the simpl&x = {¢ €
Ry Y7 & = 1} of R}

Denote byR(/3) is the range (i.e. the set of values) @fand bycardR(() the
cardinal number oR2(3) (i.e. the number of the different values 8.

We continue the algorithm and we obtain a positive bégisds, ..., d, } of F; (X).
The elements of this basis have disjoint support and éaishconstant on its sup-
port. So by a normalization of the bagi$; } we obtain the basis positive ba$ts }
of 3 (X) which is also a partition of the unit.

), foreachi=1,2,...,m, with y(i) > 0,



Except the determination of the positive bafdis} of F1 (X)), by the basic function

we can ask very easy to two important questions of the theory of options. Espe-
cially we can check directly wether any option is replicated and also if the com-
pletion by options ofX is the whole spac®™. Recall that ifX = Fy(X), any
option is replicated and we say then théatis complete by options(with respect
to1). As itis proved in Polyrakis (1999), Theorem 3.7 (see also in the Appendix)
the dimension of the sublattice generated{ly, v2, ..., y,}, i.e. the dimension

of F1(X), is equal to the cardinal number (). So if R() hasn elements we
have thatty (X) = X and if R(5) hasm elements we have th#t (X) = R™. so

we have:

Theorem 3. The dimension of} (X)) is equal to the cardinal number of the range
R(p3), therefore we have:

() F1(X)= X ifandonlyif cardR(3) = n,
(i) F1(X)=R™ifand only if cardR(3) = m,
(i) F1(X) € R™ifand only if cardR(3) < m.

3 Replication and projection bases

The notion of the projection basis has been defined by Polyrakis, [8] for a finite
dimensional subspack of C'(Q2) generated by the linearly independent positive
vectorsyy, y, ..., ¥ Of C(£2) which is contained (the subspakgin a finite dimen-

sional lattice-subspad& of C'(£2). This basis{b, bs, ..., b, }, is called projection

basis because its elements are projections of the elements of the positive basis of
W. In the present paper we construct a projection basis badis iof the case
where the sublattic& of C'(€2) generated by. is finite dimensional, by taking the
projections of the positive basis af. The philosophy of this result and also the
proof are the same with the ones in [8], Theorem 9. We give this result below
without proof and we do not consider it as new.

Theorem 4 (Polyrakis ). Let Z be the sublattice of’(€2) generated by the lin-
early independent and positive vectorg zo, ...,z of C'(2) and suppose that
dim(Z) = p. Suppose that we follow the steeps of staterfi@h{and the same
notions) of Theorem 16 in the Appendix for the determination of a positive basis
{b1,b2,...,b,} of Z which is given by ( 5). So we suppose thais the basic
function of the vectors;, Py, P», ..., P, P.41,..., P, is the enumeration of the
range of3 of Theorem 16 so that the firsvectorsPy, P, ..., P, to be linearly in-
dependent and suppose also thati, 212, ..., z, are the new vectors constructed

in (b) of the Theorem.



If L = [21, 22, ..., 2] iSthe subspace @f (£2) generated by the vectots, zo, ..., 2,
we have:

() Z=L® [2r41,2r42, - Zu)-
(i) b; =2z, foreachi=r+1,r+2,...,pu.

(iiiy If b; = bi + b, with b; € L and b, € [zr41, 2r42, .., 24), fOr eachi =
1,2,...,7, then{b;, b, ..., b, } is a basis ofL which we callprojection basis
of L and is given by the formula

(l;ial;;w-'vg?:)T:A_l(zlaZQM"aZ?”)Tv (1)

where A is then x n matrix whose the'® column is the vecto;, for

1 = 1,2,...,r. This basis has the property: Thefirst coordinates of any
element: of L in the basis{bi, by, ...,b,} coincide with the corresponding
coordinates of: in the projection basis, i.e.

iz r
z=Y ANheL =az=) \b. )
i=1 i=1

The proof of the next proposition is very easy.

Proposition 5. Suppose thal; is the basis oF 1 (X), b, is the projection basis of
defined in the previous theorem and suppose that " , p;b; is the expansion
of 1. Then{d; = p;b;|i = 1,2, ..., u} is a positive basis of which is a partition
of the unit and{d; = p;b;|i = 1,2,...,r} is a positive basis of, which we call
projection basis of L corresponding to the basis{d;} of Z and for anyz € L
we have:

Iz r
r=Y Mb€L = a=) \bi. (3)
=1 =1

Remark 6. From the construction of a projection basis of Theorem 16 we have
that in general, it is possible to found different projection basié olmdeed, in the
above algorithm in the point we take a new enumeratiofiaf P, ..., P, } so that
ther first P; to be linear independent we have many possibilities. Not that we can
find alwaysr linear independent vectors #f. So if d is the number of all such the
choices we havet < d < ().

Definition 7. Suppose thaY’ is a subspace ak. If the completion by options of
Y is contained inX, i.e. F1(Y) C X, we say thal” is replicated and if moreover
for any subspaceZ of X withY & Z we haveX & Fi(Z), we say that” is a
maximal replicated subspaceor maximal replicated submarketof X .

6



Proposition 8. Suppose that” is a maximal replicated subspace ®f ThenY is
a maximal sublattice dR™ contained inX withY = F;(Y"), or equivalentlyY” is
a maximal sublattice dR™ contained inX with1 € Y.

Proof. Y is a replicated subspace &f, thereforeY” C F;(Y) C X. Suppose that
Z is a subspace afy (Y) with Y & Z. Thenl € Fy(Y). Also the completion
Fy(Z) of of Z is the sublattice generated ByJ {1}, thereforery(Z) C F1(Y) C
X, soZ is replicated. This is a contradiction becadsés a maximal replicated
subspace oK, thereforeY = F1(Y). SoY is a sublatticeR™. To show that” is
maximal suppose thdf; (Y) & Z C X and thatZ is a sublattice. Thet € Z,
therefore we replicated. Thefi = F1(Z) C X, soZ is replicated. This is a
contradiction therefor&” is a maximal sublattice dR™ contained inX. By the
above proof it is also clear that is a maximal sublattice dR” contained inX
withl eY. |

Definition 9. Let {b;,i = 1,..., u} the positive basis df;(X ) which is a partition
of the unit and le{b;| i = 1, ..., n} be the corresponding projection basisof A
partitiond = {oy| i = 1,...,x} of {1,...,n} is proper if forany r = 1,2, ..., &,
the vectorw, = X, b; is a binary vector (i.ew, (i) = 1 or w,(i) = 0 for any

i =1,2,...,m)with X¥_,w, = 1. If moreovers is maximal, in the sense that does
not exists a partitiop of {1, ..., n} finer thary (the partitionp = {w;| i =1, ..., 7}

is finer thano if any w; is a subset of some; and the inclusion is proper for at
least onev; ), then we say that is amaximal proper partition of {1, ..., n}.

Theorem 10. Let{b;,i = 1, ..., u} the positive basis af1(X) which is a partition
of the unit and let{b;,7 = 1,...,n} be the corresponding projection basis &t
ThenX has a maximal replicated subspakef and only if there exists a maximal
proper partitiond = {o;| i = 1,...,x} of {1, ..., n}.

If 6 = {oi] i = 1,...,x} is a maximal proper partition of1,...,n} and ifd, =

> ico, bi foranyr = 1,..., s, then the subspace of X generated by the vectors
dy,ds, ...d, is @ maximal a sublattice &8 contained inX and{d;,ds, ...ds} is

a positive basis oY which is a partition of the unit.

If Y is a maximal replicated subspace®f thenY  is is independent on the choice
of the basigb;} of F1(X) and the projection basisb; } of X.

Proof. Suppose that” is a maximal replicated subspaceXf ThenY is a max-
imal sublattice ofR™ contained inX with Y = F;(Y). Alsol € Y. So
Y has a positive basi§d, do, ...,d;} which is a partition of the unit. There-
fore supp(d;) N supp(d;) = O for any: # j and Zle d. = 1. Suppose
thatd, = > ;. bi Where®, C {1,2,...,u}, is the expansion of,. in the ba-
sis {b;}. Since the basigb;} is a partition of the unit, it is easy to show that



{®,| = 1,2,...,k} is a partition of{1,2,...,u}. Sinced, € X, by The-
orem??, we have that, = ;. b;, Whereo, = @, N {1,2,...,u}. Since
S by =SF_ d, =1 we have that, # ) foranyr = 1,2, ..., k.
It is easy to see that = {o,|r = 1,2,...,k} is a proper partition of 1,2, ..., n}.
Also § is maximal because if we suppose that {w;| i = 1, ..., 7} is a partition
of {1,...,n} finer thans we have: Ifforany- = 1, ..., 7, we putz, = >, b; and
Z is the subspace @™ generated by the vectoes|r = 1,2, ...,7, thenZ C X
is a sublattice which containsand alsoY” & Z. The last relation holds by our
assumption thav is finer thand. This is a contradiction, therefofeis maximal.
For the converse suppose that {o;| i = 1,...,x} is a maximal proper partition
of {1,...,n}. Foranyr =1,..., k, we putz, = >, b; and suppose that is the
subspace dR™ generated by the vectabs, » = 1,2, ..., x. ThenY is a sublattice
of R which is contained inX. Also1 € Y andY is a maximal sublattice which
is contained inX because if we suppose thatC X is a sublattice which contains
Y as a proper subspace by the positive basis ok get a proper decomposition of
{1,...,n} finer thand. This is a contradiction, therefolé is a maximal replicated
subspace ok .
Suppose that” is a maximal replicated subspace which is determined as in the first
part of our proof. To show thdt” independent on the choice of the bafis} of
F1(X) and the projection basi®;} of X we return back in the first part of the
proof. We remark that the basis £f(.X') which is a partition of the unit is unique,
so any such a basig;} of F;(X) is at most a new enumeration {f;}. So we
suppose thafb;, , b;,, ..., b;, } is a basis off(X). Since the expansion af. is
unique, we have that. = Zu@; b;,, wherev € @/ if and only ifi,, € ®,. Then
{®.| r = 1,2,...,k} is a partition of{1,2,...,u} ando]. = @, N {1,2,...,n}.
Then{ol| r = 1,2,....k} is a partition of{1, 2, ...,n} and according to the first
part of our proof, the maximal replicated subspategenerated by this partition
of {1,2,...,n} has as positive basis the ba$ig. = Zu@; bi, }. Itis easy to see
thatd, = d,, for anyr, thereforeY’ =Y.

|

The next is an example of the determination of the maximal replicated subspaces.
As we have remarked before, we can determine different projection basés of
According to our method we determine the ragfg) of the basic functior and

we enumerate it so that its firstvectors to be linearly independent. For any such
enumeration in general we find a different projection basis. In the next example we
have four different enumerations &f((3) which gives three different projection
bases but the same maximal replicated subspace.

Example 11. Suppose that; = (2,2,4,1,2), zo = (0,1,1,0,0),z3 = (1,1,1,1,1)



are the primitive securities ankl = [z}, z2, 3] is the marketed space.
According to the methodology of the determination/gf( X ), a basic set of the
market is{x1, x2, z3} andg = %(xl, x9, x3) Wherez is the sum ofr;, is the basic
function of the vectors — i. We find that

B1) = B(5) = 5(2,0,1) = 1, 8(2) = 1(2,1,1) = s,

1 1
In order to determine a positive basisif(X) we start by an enumeration of the
rangeR(3) of 5 so that the first three vectors &) to be linearly independent.
So we have the following different enumerations:

(4):

(1,0,1) = P;.

R(ﬁ) = {P17P27P3>P4}‘

According to our methodology, = 3~ (P;) = {4} and we define the new vector
24 = (0,0,0,2,0). v = (1,22, 3, z4) Wherez' is the sum of the vectors;, is
the basic function of 1, xo, 23, 4. We have

1

1
7(1) = '7(5) = §(270> 1a0) = P{77(2) = 1(27 1, 1a0) = Pé

V(3) = %

A positive basis of; (X) is given by the formuléd, , do, d3, dy)” = D' (21, 2, x3, 24)7
where D is the matrix whose columns are the vecfefts = 1, 2, 3,4 and we find
that the vectors

1
(4,1,1,0) = P3,7(4) = 7(1,0,1,2) = P;.

di = (3,0,0,0,3),ds = (0,4,0,0,0),ds = (0,0,6,0,0),ds = (0,0,0,4,0),

define a positive basis & (X). A projection basis ofX is given by the formula
(d1,do,d3)T = A=Y (21, 29, 23, 24, 75)7 where A is the matrix with columns are
the vectorsP;, P, P3 and we find that

di = (3,0,0,3,3),d2 = (0,4,0,2,0),d3 = (0,0,6,—3,0)
is a projection basis oK. The positive basis df;(X) which is a partition of the
unite is

b1 =(1,0,0,0,1),b2 = (0,1,0,0,0),b3 = (0,0,1,0,0)



b4 - (07 O) 07 17 0)7
and the corresponding projection basisXofs

1
57
We remark that = b, = (1,0,0,1,1) andga = by + b3 = (0,1,1,0,0) and it is
easy one to see thét }, {2, 3} is a maximal proper decomposition ff, 2, 3}. So

Y =](1,0,0,1,1),(0,1,1,0,0)] is a maximal replicated subspace of the market.
(i) If we start by the enumeration If

- - 1 N
by =(1,0,0,1,1),b2 = (0,1,0, 5,0),b3 =(0,0,1,—=,0).

R(ﬁ) = {P17P3’P47P2}7

by similarly we find the projection basis

by = (1,-2,0,0,1),by = (0,1,1,0,0),b3 = (0,2,0,1,0)

of X. So we have thaj; = by = (0,1,1,0,0), g2 = by + bg = (1,0,0,1,1),
therefore{2}, {1, 3} is a maximal proper decomposition ¢f, 2, 3} and we find
again the same maximal replicated subspdac# the market.
(i) If

R(B) = {P, P3, Py, P1},
the projection basis oX is

1

57
and we see that, = b3 = (1,0,0,1,1) andgy = by +bs = (0,1, 1,0, 0), therefore

{3},{1,2} is a maximal proper decomposition ¢f, 2, 3} which gives the same
maximal replicated subspage

(iv): If

1 1

~ 1 - B
b1 = (_ 170707 _5)71)2 = (5707 1707 5)763 = (170707 17 1)

R(B) = {P1, Py, Py, P3}

we find that the projection basis of cag¢ and the same maximal replicated sub-
space.

Example 12. Suppose that; = (1,2,3,4,5,6), x2 = (2,0,1,0,0,1),23 =
(1,1,1,1,1,1), 24 = (2,1,1,3,0,0), 25 = (0,0,0,0,5,4) are the primitive secu-
rities andX = [z, x9, x3, x4, x5] iS the marketed space.
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According to the methodology of the determination4f X') we have that a basic
set of the marketi$xy, o, 23, 24, x5 }. The basic function i§ = %(zl, T2, T3, T4, T5)
wherez is the sum ofr; and we find that

B1) = £(1,2,1,2,0) = P 5(2) = ((2,0,1,1,0) = P, 5(3) = £ (3,1,1,1,0) = P,

1 1 1
ﬂ(4) = §(470717370) = P47ﬂ(5) = ﬁ(5707170>5) = P5aﬁ(6) = 5(671717074) = P6-

So we have thatard(R(3)) = 6 therefore the completioi; (X ) is R®. The five
first vectorsP,, P, Ps, Py, P; of R(3) are linearly independent,so we preserve the
enumeration ofR(3).Acording to our methodologys = 3~ !(Ps) = {6} and
we define the new vectar; = (0,0,0,0,0,12). We determine the basic function
v = %(xl, x9, X3, T4, x5, Tg) Wherez' is the sum of these vectors. We find that

1 1 1
v(1) = 6(1,27 1,2,0,0) = P/,v(2) = 1(2,0, 1,1,0,0) = Py, ~(3) = 6(3’ 1,1,1,0,0) = P;

1 1 1
7(4) = £(4,0,1,3,0,0,0) = P{.7(5) = 17(5,0,1,0,5,0) = P4,5(6) = 5(6,1,1,0,4,12) = F;.

A positive basis o} (X) is given by the formuléd; , da, d3, d4, ds, dg)” = D~ (z1, 22, 23, T4, 5, 26) T
where D is the matrix whose columns are the vecféfts = 1, ...,6 and we find
that the vectors

d; = (6,0,0,0,0,0),d2 = (0,4,0,0,0,0),ds = (0,0,6,0,0,0)

ds = (0,0,0,8,0,0),ds = (0,0,0,0,11,0), dg = (0,0,0,0,0,24)

define a positive basis df,(X). The projection basis oK with respect to the
above positive basis df(X) is given by the formula(dy,da, ds, ds, ds)T =
A=Y (21, 19,23, 24, 75)7 Where A is the matrix whose columns are the vectors
P;,i=1,...,5 and we find that the following vectors form these projection basis.

d, = (6,0,0,0,0,—1.2),dy = (0,4,0,0,0,—4),ds = (0,0,6,0,0,8.4)

ds = (0,0,0,8,0,0),ds = (0,0,0,0,11,8.8)
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We can easily get the proper form of the above basis which is the following:

1 1 1
b = gdl = (17070707070)?()2 = ZdQ - (Ov 1707070a0)7b3 = gd?’ = (0’0’ 1’07070)

1 1 1
b= gds = (0,0,0,1,0,0),b5 = =ds = (0,0,0,0,1,0),b5 = 52ds = (0,0,0,0,0,1).

The corresponding projection basis is

~ 1

by = =d; = (1,0,0,0,0,—0.2),by = —dy = (0,1,0,0,0,—1),b3 = =d3 = (0,0,1,0,0,1.4)

1
6

(@)}
o |

1- -1
b4 = §d4 = (Oa 070’ 17070)7b5 = ﬁd5 = (0707070’ 1’08)

Then using the above method we see that= by = (0,0,0,1,0,0) andgs =
by +by+b3+bs = (1,1,1,0,1,1), therefore{1, 2, 3,5}, {4} is a maximal proper
decomposition of 1,2, 3,4,5}. SoY generated by, ¢ is a maximal replicated
subspace of the market.

4 Appendix: Sublattices and positive bases id'((2)

A real vector spacéd’ is anordered vector spac# it is endowed with a partial
order (i.e reflexive, antisymmetric and transitive) relatiorwhich is compatible
with the linear structure o/, i.e. x > y impliesz + z > y + z andaz > ay,
foranyz € E anda € R;. The setE, = {x € E|x > 0} is positive conef E.
E is aRiesz spacer avector latticeif for any =,y € F the supremum: v y and
the infimumz A y of the set{x, y} in E exists. A subspacg of E ordered by the
induced ordering is an ordered subspac&ofThenZ, = ZNE, isis the positive
cone ofZ. If moreover for anyr,y € Z the supremunx V7 y and the infimum
x Nz yof {z,y} existinZ (i.e. Z is a Riesz space in the induced ordering),
is alattice-subspacef £. For anyxr € E whereF is a Riesz space the element
xt = 2V 0is thepositive partof x and the element™ = (—z) Vv 0 is thenegative
partof z. Foranyz € E,x =2+ — 2~ holds. fx Vzy=a2Vy,zAy=2Azy
for everyz,y € Z, thenZ is asublatticeof E. If FE is a Riesz space and is a
nonempty set of, then theminimum sublatticef £ containingB exists and it is
the subspace df' generated by the set of finite suprema of elemenfs.dfet L be
the set of lattice -subspacesiGfwhich containB. X is aminimal lattice-subspace
of E containingB if X € L and for anyY € L such thatt’ C X,Y = X holds.
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If Z is afinite-dimensional subspace of the Riesz sgateen{b;, b, ...,b,} C Z

is apositive basiof Z if it is a basis of Z andZ; = {z = Y_;_; \ibi|\i € Ry

for anyi}. If {b,bs,...,b,} is @ positive basis of andz = Y., \ib;,y =

> iy pibi with z > gy, then); > p; for anyi = 1,2, ..., 7. Moreover, in this case
rVgzy= 22:1()‘1 V ,ui)bl- andz Az y = 25:10\1 VAN ,ul)bz

Suppose thatl = C(Q2) where( is a Hausdorff, compact topological space and
the order ofC(2) is actually the pointwise order (i.e the positive cone(tif)
with respect to this order 6 (Q2) = {x € C(Q)|z(t) > 0, for anyt € Q}).
Suppose that’(?) is the space of real valued functions defined on a compact
Hausdorff topological space. Recall that if the sef? is finite, for example =
{1,2,...,m}, then any element of'(2) is a vector ofR™ thereforeC'(f?) is the
spaceRrR™.

In this section we give some basic mathematical notions and resul{$ihwhich

are needed for this articleC'(2) is ordered by the pointwise ordering i.e. for
anyz,y € C(Q2) we haver > y if and only if (i) > y(i) for eachi € Q.
C(Q)4 = {z € C(Q)|x(i) > 0 for eacht € O} is the positive cone of’(12).
Suppose thal is anordered subspaceof C(2), i.e. L is a subspace af'(2)
ordered again by the pointwise ordering. Thiep = C(Q2)+ N L is the positive
cone of L. Suppose thal is finite dimensional. A basi§b,bs,...,b.} of L is
apositive basisof L if Ly = {z = >_;_; \ib; | \s € Ry for eachi}. In other
words, a basis of is positive if for anyx € L we have:z is positive if and only

its coefficients in the basis are positive. Althouglihas infinitely many bases the
existence of a positive basis bfis not always ensured. We havehas a positive
basis if and only ifL is alattice-subspaceof R™ (i.e. if L in the pointwise ordering

is a vector lattice). As we have noted in the previous sectiois, a sublattice of
C(Q)ifforanyz,y € L,z Vy, x Ay € L. Any sublattice ofC'(£2) has a positive
basis. For more details on positive bases and lattice-subspaces we refer to [6] and
[7].

Suppose thatb;, bo, ..., b, } is @ positive basis of.. Then it is easy to show that
foranyz = >0, \ibi,y = >_;_, uib; we have:x > y if and only if \; > p;

for eachi. Also eachb; is an extremal point of. .. (A vectorzg € Ly, x9 # 0

is an extremal point ol if foranyz € L, 0 < z < z( impliesz = Az for
some real numbex). This property implies that a positive basislofs unique in
the sense of positive multiples. We give the next easy four results without proof.
Recall that the support of a vector = (z(1),x(2),...,z(m)) of R™ is the set

supp(z) ={i =1,2,...,m|x(i) # 0}.

Proposition 13. An ordered subspacg of C'(£2) with a positive basi$b;, ba, ..., b, }
is a sublattice o> () if and only ifb; (0, +00) N bj‘l(O, +00) = ( for anyi # j.

13



Proposition 14. Suppose thaf is a finite dimensional sublattice 6f(2). If the
constant vectod = (1,1,...,1) is an element o, thenZ has a positive basis
{b1, b, ..., b} which is apartition of the unit, i. e. 1 = >"7_, b; and for each
vectorb; we have:b;(t) = 1, for eacht € Q with b;(t) > 0.

Suppose now that;, 2o, ..., - are fixed, linearly independent, positive vectors of
C () and thatZ is the subspace a@f(2) generated by the vectoes. We present
the results of [7] for the determination of a positive basis of the sublatficé
C(€2) generated by the séty, 22, ..., 2, }. The function

z1(t) zo(t) 2 ()
z(t) 7 2(t) T 2(t)

wherez = 21 + 29 + ... + z,, is thebasic function of zq, 2o, ..., z,.. This definition
which is given in [6], is very important for the study of positive bases. The set
R(3) = {B(t)|t € @ with z(¢) > 0}, is the range ofs and the cardinal number
cardR(() of R(f) is the number of the (different) elements B{3). Under the
above notations we have:

Bt = (

>, for each i € Q, with z(¢) > 0,

Theorem 15 ([7], Theorem 3.6).Z is a sublattice of” (Q2) if and only ifcard R(3) =
r.
If R(B) = {P1, P»,..., P}, apositive basigb;, b, ...,b.} of Z is given by the
formula:

(bl,bz,...,br)T :A_I(Zl,ZQ,...,Zr)T, (4)

where A is the r x r matrix whose the'™ column is the vecto;, for each
i = 1,2,..,r, and (b, ba, ...,b,)T, (21, 2,...,z.)T are the matrices with rows
the vectordq, bo, ..., by, 21, 22, ..., Zp.

The next result, [7], Theorem 3.7, gives an algorithm for the construction of the
sublattice generated by a finite set of linearly independent and positive vectors.
Statementd) explains the way of construction of a positive basis by the previous
theorem.

Theorem 16 ( [7], Theorem 3.7 ).Let Z be the sublattice of'({2) generated by
21, 22, ..., zr and letm € N. Then the statements) and (i7) are equivalent:

(1) dim(Z) = p.
(i7) R(B) = {Py, Py, ..., P,}.

If the statementii) is true thenZ is constructed as follows:
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(a) EnumerateR(3) so that itsr first vectors to be linearly independent (as it is
shown in [7], such an enumeration always exists). Denote agaif} by =
1,2,..., puthe new enumeration and we plut, = {t € Q}|3(t) = Pryr}
foreachk =1,2,...,u—r.

(b) Define the vectors, , k = 1,2, ..., u — r as follows:
Zrak (1) = 2(1) if i€ Iy and z.4x(0) =0 if ¢ & T4k,
wherez = 21 + 29 + ... + 2z, IS the sum of the vectots.
(©) Z =[21,22, -, Zry Zrg1s - -+ 5 Zp)-

(d) A positive basigb, b, ..., b, } of Z is constructed as follows:

Consider the basic function of 21, 22, ..., 2, 2r41, ..., 2, and suppose
that{P;, 15, ..., P, } is the range ofy (the range ofy has exactly. points).
Then

(b1, b2, .oy b))’ = D7 (21, 20, ooy 20) 7 (5)

whereD is thep x p matrix with columns the vectod3, P, ..., P,
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