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Abstract

In this article we study the replication of options in security markets with
a finite number of states.

It is known that the spaceF1(X), generated by all the possible options
written on the elements (marketed securities) of the marketed spaceX is in
general bigger than the space of marketed securitiesX and usually it is equal
to the payoff spaceRm but in many casesF1(X) is a proper subspace of
Rm. If X is a sublattice ofRm (i.e. X is closed under the operations of
supremum and infimum), it is known thatX = F1(X) therefore any option
is replicated. But this case is a very rare. In the present article we study
the existence of subspaces (submarkets)Y of X so that any option written
on the elements ofY to be replicated and also we wantY to be as large
as possible. So we study the existence of maximal subspaces of this type
which we call maximal replicated submarkets or subspaces. We show that a
subspaceY of X is a maximal replicated subspace if the completionF1(Y )
of Y is contained inX and alsoY = F1(Y ). In this article we use the theory
of lattice-subspaces and positive bases and we find a very easy method by
means of which we determine exactly the maximal replicated subspaces of
X.

JEL Classification : C600, D520, G190

1 The economic model and some essential notions

In this article we study a two-period security market with a finite number of states
Ω = {1, 2, ..., m} during the date1, a finite number of primitive securities (assets)
with payoffs the linearly independent vectorsx1, x2, ..., xn of the payoff spaceRm.
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A portfolio is a vectorθ = (θ1, θ2, ...θn) of Rn whereθi is the number of the units
of the i security. ThenT (θ) =

∑n
i=1 θixi ∈ Rm is thepayoff of θ. Since the

operatorT is one-to-one, it identifies portfolios with their payoffs. So the vectors
x1, x2, ..., xn will be mentioned asprimitive securities, the subspace

X = [x1, x2, ..., xn],

of E, generated by the vectorsxi as thespace of marketed securitiesor theasset
spanand the vectors ofX will be also referred as portfolios. We assume that the
riskless bond1 is contained inX. A vectorx ∈ Rm is marketedorx is replicated
if it is the payoff of some portfolioθ, or equivalently ifx ∈ X.
Recall that the vector spaceRm = {x = (x(1), x(2), ..., x(m))|x(i) ∈ R for each i }
is ordered by the pointwise ordering i.e. for anyx, y ∈ Rm we have:x ≥ y if
x(i) ≥ y(i) for eachi. Rm

+ = {x ∈ Rm|x(i) ≥ 0 for each i } is the positive cone
of Rm. For anyx, y ∈ Rm x ∨ y =

(
x(1) ∨ y(1), x(2) ∨ y(2), ..., x(m) ∨ y(m)

)
is the supremum andx ∧ y =

(
x(1) ∧ y(1), x(2) ∧ y(2), ..., x(m) ∧ y(m)

)
is the

infimum of {x, y} in Rm. x+ = x ∨ 0 =
(
x(1) ∨ 0, x(2) ∨ 0, ..., x(m) ∨ 0

)
and

x− = (−x)∨0 are the positive and the negative part ofx. Note also that for any two
real numbersa, b, a∨b is the supremum anda∧b is the infimum of{a, b}. A linear
subspaceZ of Rm is asublatticeor aRiesz subspaceof Rm if for any x, y ∈ Z,
x ∨ y andx ∧ y belong toZ. Also for anyx = (x(1), x(2), ..., x(m)) ∈ Rm, the
setsupp(x) = {i = 1, 2, ..., m|x(i) 6= 0} is the support ofx.
For any subsetB of Rm, thesublattice S(B) of Rm generated byB is the in-
tersection of the sublattices ofRm which containB. The riskless bond1 is the
vector ofRm whose every coordinate is equal to 1. Thecall option written on the
vectorx ∈ Rm with exercise pricea is the vectorc(x, a) = (x − a1)+ of Rm

and theput option of x with exercise pricea is p(x, a) = (a1− x)+. We have
x− a1 = c(x, a)− p(x, a).
If both c(x, a) > 0 andp(x, a) > 0, we say that the call optionc(x, a) is non triv-
ial and ifc(x, a), p(x, a) belong toX we say thatc(x, a), p(x, a) are wreplicated.
Thecompletion by optionsof X is the subspace ofRm which arises inductively
by adding in the market the call and put options of the marketed securities and by
taking again call and put options which are added again in the market. In [3] a
mathematical definition of the completion by options in infinite securities markets
is given. Especially in the above article, a more general study of the completion by
options of the market is presented were the options are not taken with respect to
the riskless bond1 but with respect to some risky vectors from a standard subspace
U of Rm and the completion by options ofX is denoted byFU (X). This study
is very general and includes the case of exotic options. In the classical case where
the options are taken with respect to the riskless bond1, the completion by options
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of X is denoted in [3] byF1(X) and we will preserve this notation in the present
article. In [3] it is proved that if the payoff space is a general vector latticeE then
FU (X) is the sublattice ofE generated by the setX ∪ U . In our case where the
payoff space is the spaceRm and the call and put options are taken with respect to
the riskless bond1, the completion by optionsF1(X) of X is the sublattice ofRm

generated by the setX ∪{1}. In the case where1 ∈ X, F1(X) is the sublattice of
Rm generated by the setX. In the above results and also in the results of the present
article, the theory of lattice-subspaces and positive bases developed by Polyrakis in
the papers of the bibliography is very important. This theory simplifies and unifies
the theory of options.
In the present article we study the existence of subspacesY of the marketed space
X so that any option written on the elements ofY to be replicated. In this caseY is
a submarket so that any option written on a portfolio of securities ofY to be repli-
cated by a portfolio of marketed securities. We want also this market to be as larger
as possible so we are looking for maximal replicated submarkets (subspaces ofX).
As we have noted in the introduction, we develop a method which determines the
maximal replicated subspacesY of X. Especially we determine a positive basis
{di} of Y . The elementsdi of this basis are securities which generate the portfolios
in Y . In [5], the next characterization of markets without binary vectors is proved:
X does not contain binary vectors if and only if for any non-constant vectorx ∈ X
(i.e. for anyx which is not a multiple of1) at least one non-trivial option ofx is
non-replicated.
So is X contains binary vectors, the only replicated subspace ofX is the one
dimensional subspace generated by the riskless bond1. Also in the case whereX
is a sublattice ofRm then any option is replicated, thereforeF1(X) = X and the
whole marketX is replicated.
In the case where the marketX contains binary vectors and alsoX is not a sublat-
tice ofRm, there exist non-trivial maximal replicated markets and this is the case
we study in the present article.
For a study of the two-periods security markets we refer to the book of LeRoy and
Werner (2001), [4]. We refer also to the articles of Ross [9], Aliprantis-Tourky [1]
and Baptista [2].

2 The completion by optionsF1(X) of X

In this section we describe the method of determination of the completion by op-
tions ofX, which is denoted byF1(X), as it is presented in [3]. According to this
method we consider the set

A = {x+
1 , x−1 , x+

2 , x−2 , ..., x+
n , x−n ,1}.
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Any maximal subset{y1, y2, ..., yr} of linearly independent vectors ofA is abasic
setof the market, wherex+

i , x−i are the positive and negative parts of the vectors
xi. Note that a basic set is not necessarily unique. In general it is possible to find
different basic sets of the market but all these sets have the same cardinal number
r. Especiallyr is the dimension of the linear subspace ofRm generated byA and
a basic set is a basis of it.

Theorem 1 ( [3], Theorem11).F1(X) is the sublattice ofRm generated by a
basic set{y1, y2, . . . , yr} of the market.

After this result we use the theory of lattice-subspaces and positive bases developed
by Polyrakis in [6] and [7] for the determination ofF1(X). SinceF1(X) is
a sublattice ofRm which contains1, we have thatF1(X) has a positive basis
{b1, b2, ..., bµ} which is apartition of the unit , i.e. the vectorsbi have disjoint
supports and

∑µ
i=1 bi = 1, see in Theorem 14 of the Appendix. This basis is

unique. So we have:

Theorem 2. F1(X) has a positive basis{b1, b2, ..., bµ} which is a partition of the
unit.

For the determination of the positive basis{bi} of F1(X) which is a partition of the
unit we follow the steps of Polyrakis algorithm, see Theorem 16 in the appendix,
where a positive basis of the sublattice ofRm generated by a finite set of positive
and linearly independent vectors is determined. We start by the determination of a
basic function set of{y1, y2, . . . , yr} of the market. In the sequel we determine the
basic function of y1, y2, . . . , yr which is very important for the theory of lattice-
subspaces and positive bases. This function has been defined in [6] and is the
following:

β(i) =
(y1(i)

y(i)
,
y2(i)
y(i)

, ...,
yr(i)
y(i)

)
, for each i = 1, 2, ..., m, with y(i) > 0,

wherey = y1 + y2 + ...+ yr. This function takes values in the simplex∆r = {ξ ∈
Rr

+|
∑r

i=1 ξi = 1} of Rr
+.

Denote byR(β) is the range (i.e. the set of values) ofβ and bycardR(β) the
cardinal number ofR(β) (i.e. the number of the different values ofβ).
We continue the algorithm and we obtain a positive basis{d1, d2, ..., dµ} of F1(X).
The elements of this basis have disjoint support and eachbi is constant on its sup-
port. So by a normalization of the basis{di}we obtain the basis positive basis{bi}
of F1(X) which is also a partition of the unit.
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Except the determination of the positive basis{bi} of F1(X), by the basic function
we can ask very easy to two important questions of the theory of options. Espe-
cially we can check directly wether any option is replicated and also if the com-
pletion by options ofX is the whole spaceRm. Recall that ifX = F1(X), any
option is replicated and we say then thatX is complete by options(with respect
to 1). As it is proved in Polyrakis (1999), Theorem 3.7 (see also in the Appendix)
the dimension of the sublattice generated by{y1, y2, . . . , yr}, i.e. the dimension
of F1(X), is equal to the cardinal number ofR(β). So if R(β) hasn elements we
have thatF1(X) = X and ifR(β) hasm elements we have thatF1(X) = Rm. so
we have:

Theorem 3. The dimension ofF1(X) is equal to the cardinal number of the range
R(β), therefore we have:

(i) F1(X) = X if and only if cardR(β) = n,

(ii) F1(X) = Rm if and only if cardR(β) = m,

(iii) F1(X) ( Rm if and only if cardR(β) < m.

3 Replication and projection bases

The notion of the projection basis has been defined by Polyrakis, [8] for a finite
dimensional subspaceL of C(Ω) generated by the linearly independent positive
vectorsy1, y2, ..., yr of C(Ω) which is contained (the subspaceL) in a finite dimen-
sional lattice-subspaceW of C(Ω). This basis,{b̃1, b̃2, ..., b̃r}, is called projection
basis because its elements are projections of the elements of the positive basis of
W . In the present paper we construct a projection basis basis ofL, in the case
where the sublatticeZ of C(Ω) generated byL is finite dimensional, by taking the
projections of the positive basis ofZ. The philosophy of this result and also the
proof are the same with the ones in [8], Theorem 9. We give this result below
without proof and we do not consider it as new.

Theorem 4 (Polyrakis ). Let Z be the sublattice ofC(Ω) generated by the lin-
early independent and positive vectorsz1, z2, ..., zr of C(Ω) and suppose that
dim(Z) = µ. Suppose that we follow the steeps of statement(ii) (and the same
notions) of Theorem 16 in the Appendix for the determination of a positive basis
{b1, b2, . . . , bµ} of Z which is given by ( 5). So we suppose thatβ is the basic
function of the vectorszi, P1, P2, . . . , Pr, Pr+1, . . . , Pµ is the enumeration of the
range ofβ of Theorem 16 so that the firstr vectorsP1, P2, ..., Pr to be linearly in-
dependent and suppose also thatzr+1, zr+2, ..., zµ are the new vectors constructed
in (b) of the Theorem.
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If L = [z1, z2, . . . , zr] is the subspace ofC(Ω) generated by the vectorsz1, z2, ..., zr

we have:

(i) Z = L⊕ [zr+1, zr+2, ..., zµ].

(ii) bi = 2zi, for eachi = r + 1, r + 2, ..., µ.

(iii) If bi = b̃i + b′i, with b̃i ∈ L and b′i ∈ [zr+1, zr+2, ..., zµ], for eachi =
1, 2, ..., r, then{b̃1, b̃2, ..., b̃r} is a basis ofL which we callprojection basis
of L and is given by the formula

(b̃1, b̃2, ..., b̃r)T = A−1(z1, z2, ..., zr)T , (1)

whereA is the n × n matrix whose theith column is the vectorPi, for
i = 1, 2, ..., r. This basis has the property: Ther first coordinates of any
elementx of L in the basis{b1, b2, ..., bµ} coincide with the corresponding
coordinates ofx in the projection basis, i.e.

x =
µ∑

i=1

λibi ∈ L =⇒ x =
r∑

i=1

λib̃i. (2)

The proof of the next proposition is very easy.

Proposition 5. Suppose thatbi is the basis ofF1(X), b̃i is the projection basis ofL
defined in the previous theorem and suppose that1 =

∑µ
i=1 ρibi is the expansion

of 1. Then{di = ρibi|i = 1, 2, ..., µ} is a positive basis ofZ which is a partition
of the unit and{d̃i = ρib̃i|i = 1, 2, ..., r} is a positive basis ofL, which we call
projection basis ofL corresponding to the basis{di} of Z and for anyx ∈ L
we have:

x =
µ∑

i=1

λibi ∈ L =⇒ x =
r∑

i=1

λib̃i. (3)

Remark 6. From the construction of a projection basis of Theorem 16 we have
that in general, it is possible to found different projection basis onL. Indeed, in the
above algorithm in the point we take a new enumeration of{P1, P2, ..., Pµ} so that
ther first Pi to be linear independent we have many possibilities. Not that we can
find alwaysr linear independent vectors ofPi. So ifd is the number of all such the
choices we have:1 ≤ d ≤ (µ

r ).

Definition 7. Suppose thatY is a subspace ofX. If the completion by options of
Y is contained inX, i.e. F1(Y ) ⊆ X, we say thatY is replicated and if moreover
for any subspaceZ of X with Y $ Z we haveX & F1(Z), we say thatY is a
maximal replicated subspaceor maximal replicated submarketof X.
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Proposition 8. Suppose thatY is a maximal replicated subspace ofX. ThenY is
a maximal sublattice ofRm contained inX with Y = F1(Y ), or equivalentlyY is
a maximal sublattice ofRm contained inX with 1 ∈ Y .

Proof. Y is a replicated subspace ofX, thereforeY ⊆ F1(Y ) ⊆ X. Suppose that
Z is a subspace ofF1(Y ) with Y $ Z. Then1 ∈ F1(Y ). Also the completion
F1(Z) of of Z is the sublattice generated byZ∪{1}, thereforeF1(Z) ⊆ F1(Y ) ⊆
X, soZ is replicated. This is a contradiction becauseY is a maximal replicated
subspace ofX, thereforeY = F1(Y ). SoY is a sublatticeRm. To show thatY is
maximal suppose thatF1(Y ) & Z ⊆ X and thatZ is a sublattice. Then1 ∈ Z,
therefore we replicated. ThenZ = F1(Z) ⊆ X, so Z is replicated. This is a
contradiction thereforeY is a maximal sublattice ofRm contained inX. By the
above proof it is also clear thatY is a maximal sublattice ofRm contained inX
with 1 ∈ Y . ¥

Definition 9. Let {bi, i = 1, ..., µ} the positive basis ofF1(X) which is a partition
of the unit and let{b̃i| i = 1, ..., n} be the corresponding projection basis ofX. A
partition δ = {σi| i = 1, ..., κ} of {1, ..., n} is proper if for any r = 1, 2, ..., κ,
the vectorwr = Σi∈σr b̃i is a binary vector (i.e.wr(i) = 1 or wr(i) = 0 for any
i = 1, 2, ...,m) with Σκ

r=1wr = 1. If moreoverδ is maximal, in the sense that does
not exists a partitionϕ of {1, ..., n} finer thanδ (the partitionϕ = {ωi| i = 1, ..., τ}
is finer thanδ if any ωi is a subset of someσj and the inclusion is proper for at
least oneωi ), then we say thatδ is amaximal proper partition of{1, ..., n}.
Theorem 10. Let{bi, i = 1, ..., µ} the positive basis ofF1(X) which is a partition
of the unit and let{b̃i, i = 1, ..., n} be the corresponding projection basis ofX.
ThenX has a maximal replicated subspaceY if and only if there exists a maximal
proper partitionδ = {σi| i = 1, ..., κ} of {1, ..., n}.
If δ = {σi| i = 1, ..., κ} is a maximal proper partition of{1, ..., n} and if dr =∑

i∈σr
b̃i for anyr = 1, ..., κ, then the subspaceY of X generated by the vectors

d1, d2, ...dκ is a maximal a sublattice ofRm contained inX and{d1, d2, ...dκ} is
a positive basis ofY which is a partition of the unit.
If Y is a maximal replicated subspace ofX, thenY is is independent on the choice
of the basis{bi} of F1(X) and the projection basis{b̃i} of X.

Proof. Suppose thatY is a maximal replicated subspace ofX. ThenY is a max-
imal sublattice ofRm contained inX with Y = F1(Y ). Also 1 ∈ Y . So
Y has a positive basis{d1, d2, ..., dk} which is a partition of the unit. There-
fore supp(di) ∩ supp(dj) = ∅ for any i 6= j and

∑k
r=1 dr = 1. Suppose

that dr =
∑

i∈Φr
bi whereΦr ⊆ {1, 2, ..., µ}, is the expansion ofdr in the ba-

sis {bi}. Since the basis{bi} is a partition of the unit, it is easy to show that
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{Φr| r = 1, 2, ..., k} is a partition of{1, 2, ..., µ}. Sincedr ∈ X, by The-
orem ??, we have thatdr =

∑
i∈σr

b̃i, whereσr = Φr ∩ {1, 2, ..., µ}. Since∑µ
i=1 bi =

∑k
r=1 dr = 1 we have thatσr 6= ∅ for anyr = 1, 2, ..., k.

It is easy to see thatδ = {σr|r = 1, 2, ..., k} is a proper partition of{1, 2, ..., n}.
Also δ is maximal because if we suppose thatϕ = {ωi| i = 1, ..., τ} is a partition
of {1, ..., n} finer thanδ we have: If for anyr = 1, ..., τ , we putzr =

∑
i∈ωr

b̃i and
Z is the subspace ofRm generated by the vectorszr|r = 1, 2, ..., τ , thenZ ⊆ X
is a sublattice which contains1 and alsoY & Z. The last relation holds by our
assumption thatω is finer thanδ. This is a contradiction, thereforeδ is maximal.
For the converse suppose thatδ = {σi| i = 1, ..., κ} is a maximal proper partition
of {1, ..., n}. For anyr = 1, ..., κ, we putzr =

∑
i∈σr

b̃i and suppose thatY is the
subspace ofRm generated by the vectorsbr, r = 1, 2, ..., κ. ThenY is a sublattice
of Rm which is contained inX. Also 1 ∈ Y andY is a maximal sublattice which
is contained inX because if we suppose thatZ ⊆ X is a sublattice which contains
Y as a proper subspace by the positive basis ofZ we get a proper decomposition of
{1, ..., n} finer thanδ. This is a contradiction, thereforeY is a maximal replicated
subspace ofX.
Suppose thatY is a maximal replicated subspace which is determined as in the first
part of our proof. To show thatY independent on the choice of the basis{bi} of
F1(X) and the projection basis{b̃i} of X we return back in the first part of the
proof. We remark that the basis ofF1(X) which is a partition of the unit is unique,
so any such a basis{b′i} of F1(X) is at most a new enumeration of{bi}. So we
suppose that{bi1 , bi2 , ..., biµ} is a basis ofF1(X). Since the expansion ofdr is
unique, we have thatdr =

∑
ν∈Φ′r

biν , whereν ∈ Φ′r if and only if iν ∈ Φr. Then
{Φ′r| r = 1, 2, ..., k} is a partition of{1, 2, ..., µ} andσ′r = Φ′r ∩ {1, 2, ..., n}.
Then{σ′r| r = 1, 2, ..., k} is a partition of{1, 2, ..., n} and according to the first
part of our proof, the maximal replicated subspaceY ′ generated by this partition
of {1, 2, ..., n} has as positive basis the basis{d′r =

∑
ν∈Φ′r

biν}. It is easy to see
thatd′r = dr, for anyr, thereforeY ′ = Y .

¥

The next is an example of the determination of the maximal replicated subspaces.
As we have remarked before, we can determine different projection bases ofX.
According to our method we determine the rangeR(β) of the basic functionβ and
we enumerate it so that its firstn vectors to be linearly independent. For any such
enumeration in general we find a different projection basis. In the next example we
have four different enumerations ofR(β) which gives three different projection
bases but the same maximal replicated subspace.

Example 11.Suppose thatx1 = (2, 2, 4, 1, 2), x2 = (0, 1, 1, 0, 0), x3 = (1, 1, 1, 1, 1)
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are the primitive securities andX = [x1, x2, x3] is the marketed space.
According to the methodology of the determination ofF1(X), a basic set of the
market is{x1, x2, x3} andβ = 1

x(x1, x2, x3) wherex is the sum ofxi, is the basic
function of the vectorsx− i. We find that

β(1) = β(5) =
1
3
(2, 0, 1) = P1, β(2) =

1
4
(2, 1, 1) = P2,

β(3) =
1
6
(4, 1, 1) = P3, β(4) =

1
2
(1, 0, 1) = P4.

In order to determine a positive basis ofF1(X) we start by an enumeration of the
rangeR(β) of β so that the first three vectors ofR(β) to be linearly independent.
So we have the following different enumerations:
(i):

R(β) = {P1, P2, P3, P4}.
According to our methodology,I4 = β−1(P4) = {4} and we define the new vector
x4 = (0, 0, 0, 2, 0). γ = 1

x′ (x1, x2, x3, x4) wherex′ is the sum of the vectorsxi, is
the basic function ofx1, x2, x3, x4. We have

γ(1) = γ(5) =
1
3
(2, 0, 1, 0) = P ′

1, γ(2) =
1
4
(2, 1, 1, 0) = P ′

2

γ(3) =
1
6
(4, 1, 1, 0) = P ′

3, γ(4) =
1
4
(1, 0, 1, 2) = P ′

4.

A positive basis ofF1(X) is given by the formula(d1, d2, d3, d4)T = D−1(x1, x2, x3, x4)T

where D is the matrix whose columns are the vectorsP ′
i , i = 1, 2, 3, 4 and we find

that the vectors

d1 = (3, 0, 0, 0, 3), d2 = (0, 4, 0, 0, 0), d3 = (0, 0, 6, 0, 0), d4 = (0, 0, 0, 4, 0),

define a positive basis ofF1(X). A projection basis ofX is given by the formula
(d̃1, d̃2, d̃3)T = A−1(x1, x2, x3, x4, x5)T where A is the matrix with columns are
the vectorsP1, P2, P3 and we find that

d̃1 = (3, 0, 0, 3, 3), d̃2 = (0, 4, 0, 2, 0), d̃3 = (0, 0, 6,−3, 0)

is a projection basis ofX. The positive basis ofF1(X) which is a partition of the
unite is

b1 = (1, 0, 0, 0, 1), b2 = (0, 1, 0, 0, 0), b3 = (0, 0, 1, 0, 0)
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b4 = (0, 0, 0, 1, 0),

and the corresponding projection basis ofX is

b̃1 = (1, 0, 0, 1, 1), b̃2 = (0, 1, 0,
1
2
, 0), b̃3 = (0, 0, 1,−1

2
, 0).

We remark thatq1 = b̃1 = (1, 0, 0, 1, 1) andq2 = b̃2 + b̃3 = (0, 1, 1, 0, 0) and it is
easy one to see that{1}, {2, 3} is a maximal proper decomposition of{1, 2, 3}. So
Y = [(1, 0, 0, 1, 1), (0, 1, 1, 0, 0)] is a maximal replicated subspace of the market.
(ii) If we start by the enumeration If

R(β) = {P1, P3, P4, P2},

by similarly we find the projection basis

b̃1 = (1,−2, 0, 0, 1), b̃2 = (0, 1, 1, 0, 0), b̃3 = (0, 2, 0, 1, 0)

of X. So we have thatq1 = b̃2 = (0, 1, 1, 0, 0), q2 = b̃1 + b̃3 = (1, 0, 0, 1, 1),
therefore{2}, {1, 3} is a maximal proper decomposition of{1, 2, 3} and we find
again the same maximal replicated subspaceY of the market.
(iii) If

R(β) = {P2, P3, P4, P1},
the projection basis ofX is

b̃1 = (−1
2
, 1, 0, 0,−1

2
), b̃2 = (

1
2
, 0, 1, 0,

1
2
), b̃3 = (1, 0, 0, 1, 1)

and we see thatq1 = b̃3 = (1, 0, 0, 1, 1) andq2 = b̃1+ b̃2 = (0, 1, 1, 0, 0), therefore
{3}, {1, 2} is a maximal proper decomposition of{1, 2, 3} which gives the same
maximal replicated subspaceY .
(iv): If

R(β) = {P1, P2, P4, P3}
we find that the projection basis of case(i) and the same maximal replicated sub-
space.

Example 12. Suppose thatx1 = (1, 2, 3, 4, 5, 6), x2 = (2, 0, 1, 0, 0, 1), x3 =
(1, 1, 1, 1, 1, 1), x4 = (2, 1, 1, 3, 0, 0), x5 = (0, 0, 0, 0, 5, 4) are the primitive secu-
rities andX = [x1, x2, x3, x4, x5] is the marketed space.
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According to the methodology of the determination ofF1(X) we have that a basic
set of the market is{x1, x2, x3, x4, x5}. The basic function isβ = 1

x(x1, x2, x3, x4, x5)
wherex is the sum ofxi and we find that

β(1) =
1
6
(1, 2, 1, 2, 0) = P1, β(2) =

1
4
(2, 0, 1, 1, 0) = P2, β(3) =

1
6
(3, 1, 1, 1, 0) = P3

β(4) =
1
8
(4, 0, 1, 3, 0) = P4, β(5) =

1
11

(5, 0, 1, 0, 5) = P5, β(6) =
1
12

(6, 1, 1, 0, 4) = P6.

So we have thatcard(R(β)) = 6 therefore the completionF1(X) is R6. The five
first vectorsP1, P2, P3, P4, P5 of R(β) are linearly independent,so we preserve the
enumeration ofR(β).Acording to our methodologyI6 = β−1(P6) = {6} and
we define the new vectorx6 = (0, 0, 0, 0, 0, 12). We determine the basic function
γ = 1

x′ (x1, x2, x3, x4, x5, x6) wherex′ is the sum of these vectors. We find that

γ(1) =
1
6
(1, 2, 1, 2, 0, 0) = P ′

1, γ(2) =
1
4
(2, 0, 1, 1, 0, 0) = P ′

2, γ(3) =
1
6
(3, 1, 1, 1, 0, 0) = P ′

3

γ(4) =
1
8
(4, 0, 1, 3, 0, 0, 0) = P ′

4, γ(5) =
1
11

(5, 0, 1, 0, 5, 0) = P ′
5, γ(6) =

1
24

(6, 1, 1, 0, 4, 12) = P ′
6.

A positive basis ofF1(X) is given by the formula(d1, d2, d3, d4, d5, d6)T = D−1(x1, x2, x3, x4, x5, x6)T

where D is the matrix whose columns are the vectorsP ′
i , i = 1, ..., 6 and we find

that the vectors

d1 = (6, 0, 0, 0, 0, 0), d2 = (0, 4, 0, 0, 0, 0), d3 = (0, 0, 6, 0, 0, 0)

d4 = (0, 0, 0, 8, 0, 0), d5 = (0, 0, 0, 0, 11, 0), d6 = (0, 0, 0, 0, 0, 24)

define a positive basis ofF1(X). The projection basis ofX with respect to the
above positive basis ofF1(X) is given by the formula(d̃1, d̃2, d̃3, d̃4, d̃5)T =
A−1(x1, x2, x3, x4, x5)T where A is the matrix whose columns are the vectors
Pi, i = 1, ..., 5 and we find that the following vectors form these projection basis.

d̃1 = (6, 0, 0, 0, 0,−1.2), d̃2 = (0, 4, 0, 0, 0,−4), d̃3 = (0, 0, 6, 0, 0, 8.4)

d̃4 = (0, 0, 0, 8, 0, 0), d̃5 = (0, 0, 0, 0, 11, 8.8)
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We can easily get the proper form of the above basis which is the following:

b1 =
1
6
d1 = (1, 0, 0, 0, 0, 0), b2 =

1
4
d2 = (0, 1, 0, 0, 0, 0), b3 =

1
6
d3 = (0, 0, 1, 0, 0, 0)

b4 =
1
8
d4 = (0, 0, 0, 1, 0, 0), b5 =

1
11

d5 = (0, 0, 0, 0, 1, 0), b6 =
1
24

d6 = (0, 0, 0, 0, 0, 1).

The corresponding projection basis is

b̃1 =
1
6
d̃1 = (1, 0, 0, 0, 0,−0.2), b̃2 =

1
4
d̃2 = (0, 1, 0, 0, 0,−1), b̃3 =

1
6
d̃3 = (0, 0, 1, 0, 0, 1.4)

b̃4 =
1
8
d̃4 = (0, 0, 0, 1, 0, 0), b̃5 =

1
11

d̃5 = (0, 0, 0, 0, 1, 0.8).

Then using the above method we see thatq1 = b̃4 = (0, 0, 0, 1, 0, 0) andq2 =
b̃1 + b̃2 + b̃3 + b̃5 = (1, 1, 1, 0, 1, 1), therefore{1, 2, 3, 5}, {4} is a maximal proper
decomposition of{1, 2, 3, 4, 5}. SoY generated byq1, q2 is a maximal replicated
subspace of the market.

4 Appendix: Sublattices and positive bases inC(Ω)

A real vector spaceE is anordered vector spaceif it is endowed with a partial
order (i.e reflexive, antisymmetric and transitive) relation≥ which is compatible
with the linear structure ofE, i.e. x ≥ y impliesx + z ≥ y + z andax ≥ ay,
for anyz ∈ E anda ∈ R+. The setE+ = {x ∈ E|x ≥ 0} is positive coneof E.
E is aRiesz spaceor avector latticeif for any x, y ∈ E the supremumx ∨ y and
the infimumx ∧ y of the set{x, y} in E exists. A subspaceZ of E ordered by the
induced ordering is an ordered subspace ofE. ThenZ+ = Z∩E+ is is the positive
cone ofZ. If moreover for anyx, y ∈ Z the supremumx ∨Z y and the infimum
x ∧Z y of {x, y} exist in Z (i.e. Z is a Riesz space in the induced ordering),Z
is a lattice-subspaceof E. For anyx ∈ E whereE is a Riesz space the element
x+ = x∨0 is thepositive partof x and the elementx− = (−x)∨0 is thenegative
part of x. For anyx ∈ E, x = x+ − x− holds. Ifx∨Z y = x∨ y, x∧ y = x∧Z y
for everyx, y ∈ Z, thenZ is asublatticeof E. If E is a Riesz space andB is a
nonempty set ofE+ then theminimum sublatticeof E containingB exists and it is
the subspace ofE generated by the set of finite suprema of elements ofB. LetL be
the set of lattice -subspaces ofE which containB. X is aminimal lattice-subspace
of E containingB if X ∈ L and for anyY ∈ L such thatY ⊆ X, Y = X holds.
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If Z is a finite-dimensional subspace of the Riesz spaceE then{b1, b2, ..., br} ⊆ Z
is apositive basisof Z if it is a basis ofZ andZ+ = {x =

∑r
i=1 λibi|λi ∈ R+

for any i}. If {b1, b2, ..., br} is a positive basis ofZ andx =
∑r

i=1 λibi, y =∑r
i=1 µibi with x ≥ y, thenλi ≥ µi for anyi = 1, 2, ..., r. Moreover, in this case

x ∨Z y =
∑r

i=1(λi ∨ µi)bi andx ∧Z y =
∑r

i=1(λi ∧ µi)bi.
Suppose thatE = C(Ω) whereΩ is a Hausdorff, compact topological space and
the order ofC(Ω) is actually the pointwise order (i.e the positive cone ofC(Ω)
with respect to this order isC+(Ω) = {x ∈ C(Ω)|x(t) ≥ 0, for anyt ∈ Ω}).
Suppose thatC(Ω) is the space of real valued functions defined on a compact
Hausdorff topological spaceΩ. Recall that if the setΩ is finite, for exampleΩ =
{1, 2, ..., m}, then any element ofC(Ω) is a vector ofRm thereforeC(Ω) is the
spaceRm.
In this section we give some basic mathematical notions and results inC(Ω) which
are needed for this article.C(Ω) is ordered by the pointwise ordering i.e. for
any x, y ∈ C(Ω) we havex ≥ y if and only if x(i) ≥ y(i) for eachi ∈ Ω.
C(Ω)+ = {x ∈ C(Ω)

∣∣x(i) ≥ 0 for eacht ∈ Ω} is the positive cone ofC(Ω).
Suppose thatL is anordered subspaceof C(Ω), i.e. L is a subspace ofC(Ω)
ordered again by the pointwise ordering. ThenL+ = C(Ω)+ ∩ L is the positive
cone ofL. Suppose thatL is finite dimensional. A basis{b1, b2, ..., br} of L is
a positive basisof L if L+ = {x =

∑r
i=1 λibi | λi ∈ IR+ for eachi}. In other

words, a basis ofL is positive if for anyx ∈ L we have:x is positive if and only
its coefficients in the basis are positive. AlthoughL has infinitely many bases the
existence of a positive basis ofL is not always ensured. We have:L has a positive
basis if and only ifL is alattice-subspaceofRm (i.e. if L in the pointwise ordering
is a vector lattice). As we have noted in the previous section,L is a sublattice of
C(Ω) if for any x, y ∈ L, x∨ y, x∧ y ∈ L. Any sublattice ofC(Ω) has a positive
basis. For more details on positive bases and lattice-subspaces we refer to [6] and
[7].
Suppose that{b1, b2, ..., br} is a positive basis ofL. Then it is easy to show that
for anyx =

∑r
i=1 λibi, y =

∑r
i=1 µibi we have:x ≥ y if and only if λi ≥ µi

for eachi. Also eachbi is an extremal point ofL+. ( A vectorx0 ∈ L+, x0 6= 0
is an extremal point ofL+ if for any x ∈ L, 0 ≤ x ≤ x0 implies x = λx0 for
some real numberλ). This property implies that a positive basis ofL is unique in
the sense of positive multiples. We give the next easy four results without proof.
Recall that the support of a vectorx = (x(1), x(2), ..., x(m)) of Rm is the set
supp(x) = {i = 1, 2, ...,m|x(i) 6= 0}.
Proposition 13. An ordered subspaceZ ofC(Ω) with a positive basis{b1, b2, ..., br}
is a sublattice ofC(Ω) if and only ifb−1

i (0,+∞)∩ b−1
j (0, +∞) = ∅ for anyi 6= j.
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Proposition 14. Suppose thatZ is a finite dimensional sublattice ofC(Ω). If the
constant vector1 = (1, 1, ..., 1) is an element ofZ, thenZ has a positive basis
{b1, b2, ..., br} which is apartition of the unit , i. e. 1 =

∑r
i=1 bi and for each

vectorbi we have:bi(t) = 1, for eacht ∈ Ω with bi(t) > 0.

Suppose now thatz1, z2, ..., zr are fixed, linearly independent, positive vectors of
C(Ω) and thatZ is the subspace ofC(Ω) generated by the vectorszi. We present
the results of [7] for the determination of a positive basis of the sublatticeZ of
C(Ω) generated by the set{z1, z2, ..., zr}. The function

β(t) =
(z1(t)

z(t)
,
z2(t)
z(t)

, ...,
zr(t)
z(t)

)
, for each i ∈ Ω, with z(t) > 0,

wherez = z1 + z2 + ...+ zr, is thebasic function of z1, z2, ..., zr. This definition
which is given in [6], is very important for the study of positive bases. The set
R(β) = {β(t)

∣∣t ∈ Ω with z(t) > 0}, is the range ofβ and the cardinal number
cardR(β) of R(β) is the number of the (different) elements ofR(β). Under the
above notations we have:

Theorem 15 ( [7], Theorem 3.6).Z is a sublattice ofC(Ω) if and only ifcardR(β) =
r.
If R(β) = {P1, P2, . . . , Pr}, a positive basis{b1, b2, ..., br} of Z is given by the
formula:

(b1, b2, ..., br)T = A−1(z1, z2, ..., zr)T , (4)

whereA is the r × r matrix whose theith column is the vectorPi, for each
i = 1, 2, ..., r, and (b1, b2, ..., br)T , (z1, z2, ..., zr)T are the matrices with rows
the vectorsb1, b2, ..., br, z1, z2, ..., zr.

The next result, [7], Theorem 3.7, gives an algorithm for the construction of the
sublattice generated by a finite set of linearly independent and positive vectors.
Statement(d) explains the way of construction of a positive basis by the previous
theorem.

Theorem 16 ( [7], Theorem 3.7 ).Let Z be the sublattice ofC(Ω) generated by
z1, z2, ..., zr and letm ∈ N. Then the statements(i) and(ii) are equivalent:

(i) dim(Z) = µ.

(ii) R(β) = {P1, P2, ..., Pµ}.
If the statement(ii) is true thenZ is constructed as follows:
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(a) EnumerateR(β) so that itsr first vectors to be linearly independent (as it is
shown in [7], such an enumeration always exists). Denote again byPi, i =
1, 2, . . . , µ the new enumeration and we putIr+k = {t ∈ Ω}∣∣β(t) = Pr+k},
for eachk = 1, 2, ..., µ− r.

(b) Define the vectorszr+k, k = 1, 2, ..., µ− r as follows:

zr+k(i) = z(i) if i ∈ Ir+k and zr+k(i) = 0 if i 6∈ Ir+k,

wherez = z1 + z2 + ... + zr is the sum of the vectorszi.

(c) Z = [z1, z2, . . . , zr, zr+1, . . . , zµ].

(d) A positive basis{b1, b2, ..., bµ} of Z is constructed as follows:

Consider the basic functionγ of z1, z2, . . . , zr, zr+1, . . . , zµ and suppose
that {P ′

1, P
′
2, ..., P

′
µ} is the range ofγ (the range ofγ has exactlyµ points).

Then
(b1, b2, ..., bµ)T = D−1(z1, z2, ..., zµ)T , (5)

whereD is theµ× µ matrix with columns the vectorsP ′
1, P

′
2, ..., P

′
µ.
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